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825. 
A MEMOIR ON THE ABELIAN AND THETA FUNCTIONS. 


[Chapters I to III, American Journal of Mathematics, t. v. (1882), pp. 137—179 ; 
Chapters IV to VII, db., t. vir. (1885), pp. 101—167.] 


THE present memoir is based upon Clebsch and Gordan’s Theorie der Abel’sehen 
Functionen, Leipzig, 1866 (here cited as C. and G.); the employment of differential 
rather than of integral equations is a novelty; but the chief addition to the theory 
consists in the determination which I have made for the cubic curve, and also (but 
not as yet in a perfect form) for the quartic curve, of the differential expression dIIz, 


B 
(or as I write it dil) in the integral of the third kind l dIa in the final normal 


form (endliche Normalform) for which we have (p. 117) i : dilag = | j dil, the limits 
É a 


and parametric points interchangeable. The want of this determination presented itself 
to me as a lacuna in the theory during the course of lectures on the subject which 
I had the pleasure of giving at the Johns Hopkins University, Baltimore, U.S.A., in 
the months January to June, 1882, and I succeeded in effecting it for the cubic curve ; 
but it was not until shortly after my return to England that I was able partially 
to effect the like determination in the far more difficult case of the quartic curve. 
The memoir contains, with additional developments, a reproduction of the course of 
lectures just referred to. I have endeavoured to simplify as much as possible the 
notations and demonstrations of Clebsch and Gordan’s admirable treatise; to bring 
some of the geometrical results into greater prominence; and to illustrate the theory 
by examples in regard to the cubic, the nodal quartic, and the general quartic curves 
respectively. The various chapters are: I, Abel’s Theorem; II, Proof of Abel’s Theorem ; 
III, The Major Function; IV, The Major Function (continued); V, Miscellaneous 
Investigations; VI, The Nodal Quartic; VII, The Functions 7, U, V, ®©. The 
paragraphs of the whole memoir will be numbered continuously. 
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CHAPTER I. ABEL'S THEOREM. 


The Differential Pure and Affected Theorems. Art. Nos. 1 to 5. 


1. We have a fixed curve and a variable curve, and the differential pure theorem 
consists in a set of linear relations between the displacements of the intersections of 
the two curves; in the affected theorem, a linear function of the displacements is 
equated to another differential expression. I state the two theorems, giving afterwards 
the necessary explanations. 


The pure theorem is 
2 (x, y, 2)"*do=0. 
The affected theorem is 
s Y, Zh do _ _ of, q Obs % 
012 or hy 
2. We have a fixed curve f=0, or say the curve f, or simply the fixed curve, 


of the order n, with 6.dps, and therefore of the deficiency 4 (n — 1) (n—2)— ô, =p. 
The expression “the dps” means always the 6 dps of f. 


And we have a variable curve ¢=0, or say the curve @¢, or simply the variable 
curve, of the order m, passing through the dps and besides meeting the fixed curve 
in mn—26 variable points. 


Moreover, dw is the displacement of the current point 0, coordinates (s, y, 2), on 
the fixed curve, viz. the equation f=0 gives 


df df df 
eure 
sA ee “a oli 
and we thence have 


a $: f- yde — zdy : zda—adz : «dy — yde, 


so that we have three equal values each of which is put = dø, viz. we write 


ydz--zdy zdæx—ædz sxdy—yda« 


= a yii , =doa, 
df df df 
da dy dz 
and dw as thus defined is the displacement. 
* For comparison with C. and G. observe that in the equation, p. 47, v=o t0, = log fafi 
Phat 
suppose, their y belongs to the upper limit and corresponds to my ø: the equation gives therefore 
dV=- H 4 Ha, agreeing with the formula in the text. 
1 
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(æ, y, 2)"*=0 is the minor curve, viz. the general curve of the order n — 3,. which 
passes through the dps*; and the function (æ, y, z} is the minor function. 


l and 2 are fixed points on f, called the parametric points, coordinates (a, yı, %) 
and (£s, Yə, 2) respectively; and 012 denotes the determinant 


x ? y > 2 > 
XY, YW, 2 
Za, Yo, 4 


so that 012=0 is the equation of the line joining the points 1 and 2: this line 
meets the fixed curve in n—2 other points, called the residues of 1, 2. 


(æ, Y, Z)o”"=0 is the major curve quoad the points 1 and 2; viz. this is the 
general curve of the order n — 2, passing through the dps and also through the residues 
Of 1, 2; 


But further, the function (x, y, zs" is the proper major function; viz. the 
implicit factor of the function is so determined that, taking 0=1, the current point 
at 1, that is, writing (%, Yy, %) for (æ, y, z) the function (a, y, zh”? reduces itself 
to the polar function (n +mo-+ Zo =) ji, afterwards written n.1""2, of f: this 

a, dy, dz, 
implies that taking 0=2, the current point at 2, the function reduces itself to the 
polar function n. 12>. 


¢, is what @ becomes on writing therein (æ, yı, 4) for (æ, y, z): and similarly 
$ is what @ becomes on writing therein (a, Y2, 2) for (æ, y, 2). 


ò denotes differentiation in regard only to the coefficients of œ; viz. writing 
p=(a,... ýx, y, 2)” we have f=(da,... Ux, y, z)”, and similarly 6, and d¢, =(da,... Yt, Y, 4)” 
and (da, ... £2, Yo, 2)” respectively. 


The sum > extends to all the variable intersections of the two curves. 


3. As to the meaning of the theorems, consider first the pure theorem. The 
variable intersections are not all of them arbitrary points on the fixed curve: a certain 
number of them taken at pleasure on the fixed curve will determine the remaining 
variable intersections; and there are thus a certain number of integral relations 
between the coordinates of the variable intersections; to each such integral relation 
there corresponds a linear relation between the displacements dw of these points, or 
say a displacement-relation. It is precisely these displacement-relations which are given 
by the theorem, viz. the equation 


Dalon y, 2) do =0 
breaks up into as many linear relations as there are arbitrary constants in the function 
(æ, y, 2)", which equated to zero gives a curve of the order n—3 passing through the 
dps; for instance n=3, 6=0, the equation gives the single relation =dw=0; but n = 4, 
5=0, the equation gives the three relations Zæ dw = 0, £y dw=0, Yzdw=0. 


* This definition implies that the number of dps is at inost =4(n-1) (n-—2)-1, that is, that the fixed 
curve is not unicursal. But see post, No. 21. 
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4. It is of course important to show, and it will be shown, that the number of 
independent displacement-relations given by the theorem is equal to the number of 
independent integral relations between the variable intersections. 


5. Observe that the pure theorem gives all the displacement-relations between 
the variable intersections; we are hereby led to see the nature of the affected 
theorem. Taking at pleasure on the fixed curve the sufficient number of variable 
intersections, the coefficients of ¢ are thereby determined in terms of the coordinates 
of + òh is given as 

1 Pe 
a linear function of the corresponding displacements dw; and, substituting this value, 
the affected theorem gives a linear relation between the displacements dœ of the 
several variable intersections. But any such linear relation must clearly be a mere 
linear combination of the displacement-relations © (æ, y, z)""*dw=0 given by the pure 
theorem. 


of the assumed variable intersections*, and hence the value of — 


Examples of the Pure Theorem—The Fixed Curve a Cubic. Art. Nos. 6 to 12. 


6. The pure theorem is not applicable to the case n = 2, the fixed curve a conic: 
it in fact gives no displacement-relation; and this is as it should be, for the variable 
intersections are all of them arbitrary. 

The next case is n=3, 6=0, the fixed curve a cubic. For greater simplicity the 
equation is taken in Cartesian coordinates. In general for such an equation, writing 
in the homogeneous formule z= 1, we have 


oide: dy 
HNE A 
dy da 


the two values being of course equal in virtue of g de + $ dy=0; taking the 


df 


former value and considering We as expressed in terms of a, let this be called P 

(of course, P is an irrational function of æ): then we have dw =; and similarly 
da 

dw, = Pp’ &e. 


The fixed curve being then a cubic, let the variable curve be a line; this meets 
the cubic in three points, say 1, 2, 3; and any two of these determine the line, and 
therefore the third point; there should therefore be one integral relation, and con- 
sequently one displacement-relation; and this is what is given by the theorem, viz. 
we have Edo =0, that is, dw, + dw, +dw,=0, or, what is the same thing, 

da, dæ, dæ 


PED O 


* The coefficients are determined, except it may be as to some constants which remain arbitrary but 


which disappear from the difference -H + ba, this will be explained further on in the text. 
1 k. . 


2A 
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The corresponding integral equation is the equation which expresses that the 
points 1, 2, 3 are in a line, viz. considering Yı, Ya, Ys as given functions of a, m, 2, 
respectively, this is 


XH, Yi, 1 = 0, 
a, Yo, 1 
H3, Ys, 1 


or, in the notation already made use of for such a determinant, 123 =0. 


7. This equation dw,+de,+de,=0, where dw denotes a has a peculiar inter- 
pretation when we consider the coefficients of the cubic as arbitrary constants, and 
therefore the cubic as a curve depending upon nine arbitrary constants*. In taking 
l a point on the curve, we in effect determine y, as a function of ~, and the nine 
constants; and similarly in taking 2 a point on the curve, we determine y, as a 
function of s, and the nine constants; the points 1 and 2 determine the third inter- 
section 3, and we have thus æ, determined as a function of æ, æ, and the nine 
constants. 


Considering v, as thus expressed, we have da, =F day 4 Fe dæ, an equation which 
1 2 
must agree with dw, + dw: + dæ; = 0, that is, with da, = — Fd, — Fides It follows that 
ó 1 2 
da, do, P, : : ’ ee ; 
we have -= -+ -~ => „and taking the logarithms and differentiating with regard to 
dé, da, 5, 
d d de, F ud } . ; ; 
a, and a, we find Gh Fa ne he 0, a partial differential equation of the 


third order, independent of any particular cubic curve, and satisfied by æ, considered 
as a function of æ, #, and the nine constants. Observe that starting from the 
expression for æ, and proceeding to the differential coefficients of the third order, we 
have ten equations from which the nine constants can be eliminated, that is, we ought 
to have a partial- differential equation of the third order: and conversely that the 
equation for æ, as containing nine arbitrary constants, is a complete solution of the 
partial differential equation: the complete solution of the partial differential equation 
in question is thus the equation which expresses that 3 is the remaining intersection 
of the line through 1 and 2 with a cubic. 


8. The partial differential equation has a geometrical interpretation, or is at least 
very closely connected with a geometrical property. Consider three consecutive positions 
of the line, meeting the cubic in the points 1, 2, 3; 1’, 2’, 3’ and 1”, 2”, 3” respect- 
ively: the three lines constitute a cubic curve: the nine points are thus the inter- 
sections of two cubic curves, or say they are. an “ennead” of points: and any eight 
of the points thus determine uniquely the ninth point. 


* This theory was communicated by me to Section A of the British Association at the York meeting. 
See B. A. Report, 1881, pp. 534, 535, [712], “A Partial Differential Equation connected with the Simplest 


Case of Abel’s Theorem.” 
O XIT. 15 
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9, As a particular example, let the cubic be a +y°—1=0; then y=V1- æ, 
de de 
y’ = (1—ayt 
relation dw,+de,+de,=0, and the integral relation 123=0. I give a direct verification. 
To find a, ys the coordinates of the third intersection, we may in the equation of 
the cubic write a, ys, l= A8, + pæ, i+ Myo, N+ p respectively, and then writing for 
shortness 1°2 = mæ, + y,°4.—1, 12=a,22+y,y2—1, we obtain for the determination of 
A, p the equation ».1°2+w.12?=0. 


and dw= *. and with these values we have as before the differential 


This being so, from the equation 123 =0 we obtain by differentiation 
= {day (Ya — Ys) — dy: (#2 — %)} = 0, 


the sum consisting of three terms, the second and third of them being obtained from 
the one written down by the cyclical interchange of the numbers 1, 2, 3. But we 
have wdz,+ydy,=0, and the equation thus is 


da, 
3 Se (y? (Y2 — Ys) + m? (2a — &5)} = 0: 


this will reduce itself to EEN if. only the three coefficients in { } are equal, 
1 


that is, we ought to have 
Ys? (Yo — Ys) + 2? (83 — 23) = Yo? (Ys — Ya) + Bè (Ws — 1) = Ys? (Ya — Yo) + 2? (2, — 2). 
Comparing for instance the first and second terms, the equation is 
— Ys (YÈ + Yo?) — Ls (Hy? + 2?) + (Haz + YY + 2w? + VY) = 0, 
or, as this may be written, 
— (Ayr + UY) (Ys? + Yo?) — (Atty + pie) (w? + ar?) + A + p) (VP + YPY + MU? + yy) =O, 


where the whole coefficient of A is — a> — Y? + a°a.+Y°Yo, which in fact is wa, +y ya— l, 
= 12; and similarly the whole coefficient of w is 12’; the equation is thus A. 1?2 + w.12?=0, 
which is right. The first and second coefficients are thus equal, and in like manner 
the first and third coefficients are equal; we have thus the required result, 
de, i A ci i0, 
Yı Yo KE 

10. In all that follows, the cubic might be any cubic whatever, but to fix the 
ideas I take a particular form. 2 


Let the cubic be y?— X =0, X a cubic function (v, 1}, or say even X =g.l1—g.1 — k's, 
= da da ; ; ; 
then y=VX, do= i ate and with these values we have the differential relation 
wy i ai dx 
* Writing f=x*+y*-1 we should have a =3y", and therefore =a but the 4 enters as a common 
factor in all the dw’s, and it may clearly be disregarded: the value in the text, w=% could of course be 


obtained by writing, as we may do, f=4 (<?+y?- 1), and so in other cases. 
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dw, + dw + dw, =0, and the integral relation 123=0. This last equation is an integral 
of the differential equation dw,+de,+de,=0; as not containing any arbitrary constant, 
it is a particular integral. 


But regard one of the three points, say 3, as a fixed point, that is, let the line 
pass through the fixed point 3 of the cubic, and besides meet it in the points 1 
and 2. We write dw,=0, and the differential equation thus is dœ, + dw,=0, while 
the integral equation is as before 123=0; this equation, as containing one arbitrary 
constant, is the general integral of dw, + da, = 0. 


Let the variable curve be a conic; say the intersections with the cubic are 
1, 2, 3, 4, 5, 6. Any five of these points determine the conic, and therefore the sixth 
point; there is thus one integral relation, the equation 123456=0, which expresses 
that the six points are in a conic, and there should therefore be one displacement- 
relation, viz. this is the equation Xdw = 0, that is, dw, + dw, + dw; + dæ, + da; + dws = 0. 


We have thus 123456=0, as a particular integral of 
da, + dw, + dw; + dæ, + dæ; + dw,=0. 


If, however, we take 6 a fixed point on the cubic, then we have the same equation 
as the general integral of dw, + dw, + dw, + dw, + da; = 0. 


But taking also 5 a fixed point of the cubic we have as an integral of 
do, + dw, + dows +doæ,=0, the foregoing equation 123456=0, which contains apparently 
two arbitrary constants; and so if we also fix the point 4, or the points 4 and 3, 
we have for the differential equations dw,+da,+do,=0 and do,+de,=0, integrals 
with apparently three arbitrary constants and four arbitrary constants respectively. 


11. The explanation is contained in the theory of Residuation on a cubic curve. 
Take the case da,+dw,+de,=0, with the integral 123456=0, containing apparently 
three arbitrary constants, viz. the relation between the variable points 1, 2, 3, is here 
given by a construction depending on the three fixed points 4, 5, 6 on the cubic; it 
is to be shown that two of these points can always be regarded as no-matter-what* 
points. To see that this is so, take on the cubic any two no-matter-what points 4’, 5’: 
then according to the theory referred to, we can find on the cubic a determinate point 
6’ such that the points 4’, 5’ and 6’ establish between the variable points 1, 2, 3, the 
same relation which is established between them by means of the points 4, 5 and 6; 
viz. whether in order to determine the point 3 we draw a conic through 1, 2, 4, 5 
and 6, or a conic through 1, 2, 4’, 5’ and 6’, we obtain as the remaining intersection 
of the conic with the cubic one and the same point 3. The construction of 6’ is, 
through 4, 5 and 6 draw a conic meeting the cubic in any three points 1, 2, 3; 
through these points and 4’, 5’ draw a conic, the remaining intersection of this with 
the cubic will be the required point 6’, and the point 6’ thus obtained will be a 


` * The epithet explains, I think, itself; the poirt may be any point at pleasure, but it is quite immaterial 
what point, and for this reason it is not counted as an arbitrary point. The most simple instance is that 
of two constants presenting themselves in a combination such as c+c’: either of them may be regarded as 
a no-matter-what constant. 


15—2 
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determinate point, independent of the particular conic through 4, 5 and 6 used for 
the construction. Thus 4 and 5 are replaceable by the no-matter-what points 4 and 5, 
or, what is the same thing, two of the points 4, 5 and 6 may be regarded as 
no-matter-what points, and the number of arbitrary constants is thus reduced to one. 
And so in other cases, all but one of the fixed points may be regarded as no-matter- 
what points, and the integral as containing in each case only one arbitrary constant. 


But conversely, it being known that the integral of the differential equation con- 
tains but one arbitrary constant, we can thence arrive at the theory of residuation. 


12. We might go on to the case where the variable curve is a cubic; there 
are here nine intersections; any eight of these do not determine the variable cubic, 
but they do determine the ninth intersection; and there is between the nine inter- 
sections one integral relation, and corresponding to it one displacement-relation =dw = 0, 
that is, dw,+da,+...+da,=0, given by the pure theorem. But as to this see further 
on, where it is shown in general that the number of independent integral relations 
is equal to the number of independent displacement-relations given by the theorem. 


Example of the Affected Theorem—Fixed Curve a Circle. Art. Nos. 13 and 14: 


13. The fixed curve is taken to be the circle 2+y?—1=0, and the parametric 
points 1 and 2 to be the points (1, 0) and (0, 1) on this circle. The variable curve 
is taken to be a line, say the line aw+by—1=0, meeting the circle in the points 
3 and 4, coordinates (#, y;) and (a, y,) respectively. 


Starting from the formula 


5 (x, y, 1)’ dw La, òp, 


òp. 
012 CA 


$: 

where the summation extends to the points 3 and 4, (a, y, 1)» is here a constant, 
=2.12, that is, 2(@a+%y.—1), which for the points 1, 2 in question is =—2. We 
have 012 denoting the determinant 


4- 


a, y, 1j, 
B Ql 
a eae 
Sethe i _ da _ 8 _ada+ydb . _ da mS 
which is =—#—y+1; and a Uy, Also rating es Se oar E and similarly 
Bf, j, d hy 
$i rer T The formula thus is 


guude iye Goap, 
y(@+y-1) a-l 


The coefficients a and b are determined by means of the points 3 and 4, that 
is, they are functions of æ, æ; and considering them as thus expressed, then (inasmuch 
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as there is no linear relation between the displacements =% and pei of the two 


3 Us 
arbitrary points 3 and 4 on the circle) the equation must become an identity in regard 
to the terms in dæ, and da, respectively. It only remains to verify that this is so, 


14. Writing P, Q, R=— Y+ Ys, %3—%, LYs— Yz; also Lı and Lı =a,+y,—1 and 
&,ı +y, — l respectively, we have a= P + R, b =Q + R, and the equation is found to be 


da, , dm 1 


Vile ile @aR Rak (Q— R) dP +(R—P)dQ+(P — Q) dR}, 


where, substituting for dys, dy, their values in terms of dz, dæ, we have 
ee ee do (om, y) da, E Can, baad de 
) , “y 3 UX; Ja aUis, pe 3 y 1 Ys LyX, + Y3Ys ea Bza Y3Y5 4 


and with these values, ‘and by aid of the relations 
Q-R, R-P, P-Q=al,- al, yls-yDo -L+ Ls, 


the equation is found to be 


dë, — da, La L, (& £1 + YY — 1) ( da, A f 


ne IE Ch nI G ~Y,L,) ph yL, 


viz. this will be true if only 


LL, (Lola E C i i 1) = (aL, — a L) (y, L; — Ys Ly) = 0), 
that is, i 
— UY L3Z- Bz Ys L2+ LL, (L3; + Ys Ys + BaYa + LY — 1) = 0. 
But from the values of L, L, we have ay,=4224+J,, y,=4£2+L;, and the 
coefficient of L,L, is = LL, + L+ L; the equation is thus verified. 


The example would perhaps have been more instructive if the points 1 and 2 
had been left arbitrary points on the circle, but the working out would have been more 
difficult. 


The Variable Intersections of the Two Curves—Number of Independent Integral Relations. 
Art. Nos. 15 to 19. 


15. Suppose n=3, 5=0(p=1), the fixed curve a cubic; and suppose successively 
m=1, 2, 3,..., the variable curve a line, conic, cubic, &c. 


If m=1, then two points on the cubic determine the line, and consequently the 
remaining intersection with the cubic; hence there is one integral relation. 


If m=2, then five points on the cubic determine the conic, and consequently the 
remaining intersection with the cubic; hence there is one integral relation. 
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If m=8, then eight points on the fixed cubic do not determine the variable 
cubic, but they do determine the ninth intersection. For draw through the eight 
points a no-matter-what cubic y=0, the general cubic through the eight points is 
x +af=0, and this meets the fixed cubic in the points y=0, f=0, that is, in the 
eight points and in one other point independent of the constant a and therefore com- 
pletely determinate. Hence in this case also there is one integral relation. 


So if m=4, then eleven points on the cubic do not determine the quartic, but 
they do determine the remaining intersection, For draw through the eleven points 
a no-matter-what quartic y=0, the general quartic through the eleven points is 
x +(s, y, zZ} f=0, and this meets the cubic in the points y=0, f=0, that is, in the 
eleven points and in one other point independent of the constants of the linear 
function (x, y; 2}, and therefore completely determinate. Hence there is one integral 
relation. 


And so in general, the fixed curve being a cubic, then, whatever be the order of 
the variable curve, there is always one integral relation. 


16. Suppose next n=4, 6=0(p=3), the fixed curve a general quartic; and as 
before suppose successively m= 1, 2, 3,..., the variable curve a line, conic, cubic, &c. 


If m=1, then two points on the quartic determine the line, and therefore the 
remaining two intersections; the number of integral relations is = 2. 


If m=2, then five points on the quartic determine the conic, and therefore the 
remaining three intersections; the number of integral relations is =3, and similarly 
if m=3, the number of integral relations is =3. 


If m=4, then thirteen points on the fixed quartic do not determine the variable 
quartic, but they do determine the remaining three intersections. For draw through 
the thirteen points a no-matter-what quartic y=0; the general quartic through the 
thirteen points is ~+af=0, and this meets the fixed quartic in the points y=0, 
f=0, that is, in the thirteen points and in three other points, independent of a and 
thus completely determinate, and the number of integral relations is =0; and so in 
general for any higher value of m, the number is still = 3. ‘ 


17. Suppose n=5, 6=0(p=6), the fixed curve a general quintic; and as before 
suppose m= 1, 2, 3,... successively. 


If m=1, then two points on the quintic determine the line, and therefore the 
remaining three intersections; the number of integral relations is = 3. 


If m=2, then five points on the quintic determine the conic, and therefore the 
remaining five intersections; the number of integral relations is = 5. 


If m=8, then 9 points on the quintic determine the cubic, and therefore the 
remaining six intersections; the number of integral relations is =6, and so if m=4, 
or if m=5 or any greater number, in the first case directly, and in the other cases 
by consideration of the quintic Kinape 0, &c, we find that the number of integral 
relations is always = 6. 


www.rcin.org.pl 


825 | A MEMOIR ON THE ABELIAN AND THETA FUNCTIONS. 119 


18. The reasoning is scarcely altered in the case where the fixed curve has dps; 
thus considering the general case of a fixed curve n, 8, p: 


If m=1, then 2—6 points on the fixed curve (this implies § +2) determine the 
line, and therefore the remaining n—26—-(2—68), =n—2-—6 intersections; the number 
of integral relations is =n — 2 — ò. 

If m=2, then 5—6 points on the fixed curve (this implies 6 5) determine the 
conic, and therefore the remaining 2n—26—(5—6), =2n—5-— ô intersections; the 
number of integral relations is =2n—5—6, and so for any value of m} n-—3, and 
indeed for the values n—2 and n—1; here 4m(m+3)—6 points on the fixed curve 
(this implies 5 + m (m +3)) determine the variable curve, and therefore the remaining 
mn — 28 — {4m (m+ 3)— 8}, =mn—4m(m+3)—6 intersections. Hence the number of 
integral relations is =mn—4m(m+3)—56, that is, =p—4(n—m—1)(n—m-—2). And 
thus in the cases m=n—2 and n—1 the number is = p. 

If m=n, then n(n +3)—1-— ô points on the fixed curve do not determine the 
variable curve, but they do determine the remaining n?— 26 — {4n (n +3)—1-— ò}, 
=$(n—1)(n—2)—5, that is, p intersections, and the number of integral relations is 
thus =p; and so, for any higher value of m, the number is still =p. 


19. The conclusion thus is 
m >» n—3, the number of integral relations = p — $ (n — m — 1) (n -m — 2), 
m=or >n— 2, a y = p. 


The integral equations spoken of throughout are of course independent relations. 


The Variable Intersections of the Two Curves. Number of Independent Displacement 
Relations given by the Pure Theorem. Art. No. 20. 


i 20. The number of displacement-relations given by the pure theorem is = number 
of constants in minor function (æ, y, 2)}}, which equated to zero represents a curve 
through the dps, viz. this is always 


4 (n—1)(n—2)—6, =p. 


But for m>n—2, these relations are not independent. For instance, for n=4, 6=0, 
m =1, the displacement-relations are 

5 (x, y, 2)'dw=0, that is, Swdw=0, Lydw=0, Xzdw=0, 
and conversely from these last equations we have E(x, y, 2} dw =0. But in this case 
the variable curve is a line aw+by+cz=0; hence writing (#, y, 2} = aw + by + cz, the 
equation (a, y, z)'=0 is satisfied for each of the intersections of the line with the 


quartic, and the corresponding equation > (x, y, 2)'dw=0 is an identity. Hence the 
number of independent displacement-relations is 8—1, = 2. 


So for n=5, 5=0, m=1, the displacement-relations are 


I(x, y, z2dw=0, that is, È (a, y’, 2, yz, zæ, zy)dw = 0, 
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and these six equations give conversely =(a#, y, z)*dw=0, and in particular they give 
Za (x, y, 2! dw=0, Xy(a, y, zi dw=0, Xz(a, y, 2) do =0. But if (a, y, 2) denote 
ax +by-+cz, then as before we have (æ, y, z} =0, for each of the intersections of the 
two curves, and the last-mentioned three equations are identities. The number of 
independent displacement-relations is thus 6 — 3, =3. 


So for n=5, 5=0, m=2. Here if the variable curve is $=(a,...Qa, y, z?=0, 
then taking (x, y, 2} = (a, ... ýx, y, z}, the equation (a, y, z)=0 is satisfied for each of 
the intersections of the two curves, and the corresponding equation = (a, y, zdw=0 is 
an identity; the number of independent displacement-relations is 6-1, =5. 


The reasoning is the same when 6 is not =0, and we see generally that for 
m<n—2, or say 


m >n—3, the number of independent displacement-relations 


=p—t(n—m—1)(n—m-—2); 
while for 
m=or>n—2, the number is =p; 


since in this case the relations given by the theorem are all of them independent. 
It thus appears @ posteriori, that in every case the number of independent displace- 
ment-relations given by the pure theorem is equal to the number of independent integral 
relations. 


As to the dps of the Fixed Curve. Art. No. 21. 


21. I conclude with a general remark applicable to the whole of the three chapters. 
There is no necessity to attend to all or indeed to any of the dps of the fixed 
curve. Suppose that the fixed curve has 6+ ô dps, where 6, 6’ may be either of them 
or each =0, but attend only to the è dps, the 6’ dps being wholly disregarded, and 
accordingly let the expression the dps mean as before the 8 dps of the fixed curve. 
No alteration at all is required: only, if & be not =0, then p=4(n—1)(n—2)—6 will 
no longer be the deficiency. To obtain the best theorems we use all the +ô dps: 
but disregarding the 8’ dps, we obtain theorems, as for a curve with è dps, which are 
true, and may frequently be useful either in their original form or with simplifications 
introduced therein by afterwards taking account of the & dps. 


CHAPTER II. PROOF OF ABEL’S THEOREM. 


Preparation. Art. Nos, 22 and 23. 


22. Starting from the equation @=(a,...\a, y, z)”=0 of the variable curve, we 
have 


do, add do ee 
In 22t ay ovr qe 2 + $=, 


dp ap , dg jf 
de Pay, Sh de ot o. 
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where 6¢=(da,...§a, y, 2)". Let r denote an ‘arbitrary linear function, =ax +by + cz; 
multiply the two equations by ax+by+cz, =r, and —(ada+bdy+cdz), =—dr re- 
spectively, and add: we obtain 


(y dz — zdy) (0% ay ob) + (ede æ da) (o ot _ a) 


+ (a dy — yda) (a$ -0 $) + Trop=0; 


introducing dw, this becomes 


doo | SF (oo dz oT) + TAG dæ at) + L(a dy DÉ) | +786 0, 


or observing that a, b, c are the differential coefficients T = the term in [ } 


is J(f, T, $), or say J ($, f, T), and the equation is 
dod (h; f, tT) + 75d = 0, 


where J(¢, f, T) is the Jacobian, or functional determinant 


| dp dọ dọ | 
| de® dy’ dz | 
df df df | al, f,T). 
| dæ’ dy’ dz |? d(x, y, gye 
dr dr dr 

de dy’ dz | J 

and we hence have 
Pes dh 
Go Be 
© IGF 7) 
23. The two theorems thus become 
a Neste Aa 
E Cr i 


(x, Y, Z)” T — op _ oh op. 
ae: Sate 4) oe a 


But further, if in the first equation we write r=z, and in the second equation we 
retain 7, using it to denote the linear function 012, the equations become 


How I zg) T 


T: ANE: SE 
3 (Gs Ys HT ay | halt hy 


©. XII. 16 
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where, in the first equation, J(¢, f) denotes the Jacobian 


BD) ER i a OAs ES 
dx’ dy |’ d(@, yy 
af z 
dz’ dy | 


In these equations the only differential symbol is the 6 affecting the coefficients 
a, b,... of $, $1, 2; the equations are, in respect to the coordinates (æ, y, z) of the 
several variable intersections of the two curves, purely algebraical equations, which are 
in fact given by Jacobi’s Fraction-theorem about to be explained. But for the further 
reduction of the affected theorem I interpose the next three articles. 


The Coordinates (p, o, tT). Art. Nos. 24 to 26. 


24. The letter r has just been used to denote the determinant 012: there is 
often occasion to consider three points 1, 2, 3 coordinates (a, Y1, 2), (Los Yo, Zə), (Ls, Ys» 2s) 
respectively; and then writing p, o, t to denote the determinants 023, 031, 012 
respectively, and A the determinant 123, we have identically 


Aa = Lp + Xo + XT, 
Ay = YP + Yoo + YT, 
Az =2p +2,0+237, 


which equations, regarding therein the point 0, coordinates (a, y, z), as a current point, 
are in fact equations for transformation from the coordinates (æ, y, z) to the coordinates 
p, c, Tt belonging to the triangle of reference 123. The points 1 and 2 have been 
already taken to be on the fixed curve, and it will be assumed that 3 is also a point 
on this curve. 


25. If the function f, which equated to zero gives the equation of the fixed 
curve, be transformed to the new coordinates (p, o, T), the coefficients of the trans- 
formed function are polar functions, each divided by V”, viz. the coefficient of p” is 


ea 1”, which by reason that 1 is a point on the curve is =0 (and similarly the 
coefficients of o” and of 7” are each =0), the coefficient of po is =n. Ier? 
that of pir is = Jan. "8; that of p”? is = Sahn (n—-1)1”=2; and so in 


other cases. I write this in the form 


1 
f= ga (l"=0, icy ty Ts 
or we might also use the symbolic form 


1 
= ia (pl +02 + 73)". 
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The terms independent of r contain, it is clear, the factor po, and separating 
these terms from the others, the equation may be written 


ro pan es , 7)" + terms involving r. 
Vn P 8 


26. The equations r= 0, (...týp, o)"?=0, determine the residues of the points 
1, 2, and hence the major function (æ, y, z)», expressed in terms of p, c, 7, and 
writing therein r= 0, must reduce itself to (...Fýp, c} multiplied by a constant factor 
1 ; , 
Tai for taking the current point at 1 we have 
(p, c, t)=(A, 0, 0), and the corresponding value of the major function is thus 
1 
Gn 


which is at once found to be = 


nm. 1% 92. An =n.1%*2, as it ought to be. We have thus 


(E 9; 2)" =r, (n. 1772, ... FY p, o)"?+ terms involving 7; 


and we hence see that, for 7=0, 
A 
(a, Y, Zj as po > 
an equation which will be useful. 


The Preparetion for the Affected Theorem resumed. Art. No. 27. 


27. In the affected theorem instead of (æ, y, z) we introduce the new coordinates 
(p, o, tT). We have 


Ale, f. T) d(p, o, 7) 
NE TR rT A aE y, ay’ 


where the first factor is =e), say that this is J(¢, f), the Jacobian in regard 


to p, 7: and the second factor is at once found to be =A? We have consequently 
NOES TIETEEN: TEN 
Tb. f) AIA f) 
and the equation for the affected theorem becomes 
è$ fl a 
ay. AR 


where (a, y, Zz" is to be regarded as standing for its value in terms of (p, a, 7). 


Jacobi’s Fraction-Theorem. Art. Nos. 28 to 31. 


28. This is the extension of a well-known theorem, which, in a somewhat disguised 
form, may be thus written: viz. if U be any rational and integral function (w, 1)”, 


then we have 
1 


1 
Th? setae: 
16—2 
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or, introducing an arbitrary constant A by the equation AU=X, say this is 


qo) arra 


where U’ is the same function (x, 1)” of æ' that U is of «: J(U’), ae is the 


Jacobian of U’, and the summation extends to all roots # of the equation U'=0: 


obviously this is nothing else than the formula for the decomposition of Š into simple 
fractions. 
29. Take now U= (æ, y, 1)”, V= (x, y, 1)”, functions of æ, y of the degrees m 

and n respectively, and assume 

AU+BV.=X, a function (#, 1)™, 

OW”: + DV = Y, ” (y, Uh ai 
viz. let X=0 and Y=0 be the equations obtained by elimination from U=0 and 
V=0 of the y and the æ respectively. The forms are 

A as (a, ee yH, B e (x, P 
C = (a), a Le D= (y Y, Aaii 

where these equations denote the first of them that A is a rational and integral 
function of the degree mn—m in « and y jointly, but only of the degree n—1 in y: 
and so for the other equations. It follows that 

AD BO = (afer, a, eo 

The theorem now is 
AD—BC _ S 1 

XY “@—a@ .y—y. J (U', V’)’ 
where U’, V’ are the same functions of (a’, y) that. U, V are of (a, y); J(U’, V’) 
Cir ut 
d(x, y)’ 
x, y' of the equations U=0, V= 0. 


is the Jacobian and the summation extends to all the simultaneous roots 


30. For the proof, observe that AD-— BC is a sum of terms of the form asy 
where a and £8 are each of them at most =mn—1; hence X being of the degree 


at F L : 
mn we have =a sum of fractions Prag where 2 is any root of X=0; and 


xX 
yp 


similar] yaa sum of fractions ay where y’ is any root of Y=0; multiplying 


the two expressions and taking the sum -for the several terms asy? of AD -— BC we 
obtain a formula 


g= ayy 


where the summation extends to all the combinations of the mn values of æ’ with 
the mn values of y. But such a formula existing, the coefficients K may be determined 
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in the usual manner, viz. multiplying by XY and then writing æ =«, y =y’, there is 
on the right-hand only one term which does not vanish, and we find 


ra a Y dA aY 
(AD — BOwy = K G5), (5 z z); aR (i ane 


where the factor which multiplies AK does not vanish. 


We distinguish the cases where (s, y’) are corresponding or non-corresponding 
roots of X =0, Y=0; viz. corresponding roots are those for which U=0, V=0, but 
for non-corresponding roots these equations do not hold good; there are obviously mn 
pairs of corresponding roots. 


In the latter case (AD — BC) U= DX — BY; (AD— BC) V=—CX + AY, and since 
for the values in question X, Y each vanish, but U, V do not each of them vanish, 
we must for these values have AD—BC=0, and the foregoing equation for K gives 
then K = 0. 


31. The formula thus is 
AD- BC a 


na eT BoP 


where the summation now extends only to corresponding roots æ’, y’, for which we have 
U=0, V=0. We have for K the foregoing expression, which, to complete the 
determination, we write under the form 


AD-BC=KJ(X, Yyy; 


this is allowable, for J(X, Y), -1D differs from = T only by the zero term 
-F = Moreover, differentiating the expressions for X, Y, and considering (#, y) as 


therein standing for a. pair of corresponding roots (a’, y), the terms containing U, V 
will all vanish; we thus in. effect differentiate as if A, B, C, D were constants, and 
the result is (A4D—BC)J(U, V), or say this is (4D — BOẹ)wy J (U', V’): hence, in the 
equation for K, the factor (AD—BC),, divides out, and we have 1=KJ(U’, V”; 
hence the required formula is 


AD-BC 1 
a SE Ey Ee eS a ú 
oia Trae T h 


the summation extending to all the simultaneous roots (a, y) of U=0, V=0. 


Homogeneous Form of the Fraction-Theorem. Art. No, 32. 


$2. For a, y,. a, y we write =; Z, S, oi supposing that U, V now denote 
homogeneous functions (w, y, 2)”, (%, y, 2)”, and that we have 
AU + BV = Ay mop ey, a E 


CU + DV= KE =e (4; zy, = By" + 2.1, 
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where the forms are 
A= (a, y, gan, Bau (a, yf", PP 


C = (a, Y, gzynn-m, D m (a, Y, sy, 
AD — BO = (amm, ym, zpmn—m—n, 


viz. the degree of A in (a, y, z) is =mn— m, but y rises only to the degree n—1, 
and so in other cases; then the theorem becomes 


gmina (4D— — BO) _ ME ne s 
EEEE ¢ az — az. yz — yz Abee 
Ppa ve ORT Ae ; 
where J(U’, V’) denotes the Jacobian ~> ~, and the summation extends to the 


d ( x’, y’) 
simultaneous roots (a, y’, 2’) of U=0, V=0. 


It is proper to introduce into the formula 7’, an arbitrary linear function 
ax’ + by’ + cz’ of (æ, y’, 2’): observe that, in the Jacobian, (a’, y’, z) have always values 
for which U’=0, V’=0: we have therefore 


yee du". yew 
“Wy +y dy’ +7 a7 =, 


yai „aV y ,aV’ 
Cm tl at aw 
i th OT V9. dee 
i ay, A aE A aE 
and if the expressions on the right-hand are for a moment called A’, B’, C’, then 
writing’ T = aa’ + by’ +cz, we have J(U’, V’, r)=aA'+bB' + c0", =530', =5J(U', Y’), 
that is, 


=0, 


and thence 


1 
T 


VA zJ (U, V7)’ 


J (U 


or the equation becomes 


PE (AD -— -+ BC) neat A Si J (U, v’, 7’), 


xY “ge! — az. ye’ — 


the summation being as before. 


Resulting Special Theorems. Art. Nos. 33 to 35. 


33. Reverting to the Cartesian form, we have 


ears BC) _ EFO ar (1 $ Zan) (1 re Y4 a 


=E r, V5 f+ m (5, Y) 4 H(=, L) 


where Hm is the homogeneous sum of the order m, 
H, (u, v)=u+v, H, (u, v)=v+ w +o, &e. 
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The left-hand side is 
1, &. 1 ce. 
(AD — BC) (m +] a + mn + t 
and in AD — BC the terms of the highest order in (x, y), say (AD— BC), are 
(AD — BC), = (tyy mnh (a, b, T an CAE aiiai 


There is thus on the left-hand no term which is in (æ, y) of a higher degree 
than —(m+n-—2); hence on the right-hand every term of a higher degree than this 
in (#, y) must vanish, viz. we must have 


0=2 so long as a+B>m+n-—3, 


he san 
ll 
or, what is the same thing, we must have 


{af m+n— i 
0= > E gp say the (m +n -— 3) theorem, 


where (2, y, 1)™*"-* is the arbitrary function of the degree m +n — 3. 


34. Passing to the next lower degree — (m + n — 2), we have 


1 > a i m+n—2 — 1 Pee a y’ 
ab (ayy (ayy tim (a, b, ie kt Qe, y) avg > JU", V ) Hinna (Z , 4 


and if in (a, b,..,k¢%a, y)™'™ we consider any term ga™”*?>?Pymtn?4, where 


p+q=m+n-—2, then we have on the left-hand the term and the corre- 


yi 
aBaP yt’ 
sponding term on the right-hand must be 


1 Pyt 


Si á 
WA U KA ary? a 


that is, we have 


But from the foregoing expression for (AD -— BCO), it appears that (AD -— BC) contains 
the term ga”? yw, and it hence appears that g is the constant term of the 
quotient (AD — BO} divided by am»? y™—~4, or as this may be written 


x) (AD — BC), ay, 
g= const. of (ayy 
comparing the two values of g, we obtain 


Ee Oaa A kaitai 
const. of ~ GAA TU, N (p+q=m+n-2), 


and we hence derive 
(AD — BC) (e, W as E yy"? 
Const. of aß ( yun = > KE, V’) ’ 
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where (æ, y)"*” is the general function of the degree m+n—2, and, of course, 
(a, yy" is the same function of æ’, y. The two functions may be written 
(x, y, OV" and (a’, y’, OJ}; and this being so we may on the right-hand write 
instead (a’, y, 1)™*"-, for, by so doing we introduce in the numerator of the fraction 
new terms of an order not exceeding m+n—3, and by the (m+n—38) theorem 
already obtained the sum = of the quotient of such terms by J(U’, V^) is =0. We 
thus have 


(AD a BC), (a, Y; Qymtn -2 em (æ, Y, ])ntn-2 
Const. of aß (xyr EROE CO, ei say the (m+n -— 2) theorem, 


where (s, y, 1)"*"~ is the general non-homogeneous function of the degree m+n — 2, 
and (æ, y, O)”t"”—2 is obtained from it by attending only to the terms of the highest 
degree m+n -— 2, and therein substituting æ, y for a’, y’. 


35. We may, it is clear, in the equations for the (m+n—8) and for the 
(m+n -—2) theorems respectively, omit the accents on the right-hand sides; doing this, 
and moreover in each equation transposing the two sides, the two special theorems are 


(2, Y, E itt 
= T(U, V) = 0, | (m+n — 3) theorem, 


ps (2, Y, e A e of (AD — BC), <2, y, OM? 


J(U, V) aß (wy) 


, (m +n — 2) theorem, 


Homogeneous Form of the Special Theorems. Art. No. 36. 


36. Writing =, A for æ, y, and introducing as before the arbitrary linear function 


T=qæ +by+cz, we at once obtain, U, V being now homogeneous functions (#, y, 2)” 
and (a, y, z} respectively, and the A, B, C, D being also homogeneous functions 
accordingly, 


z(&, Y, A AE i ~ 
2 a ET 0, (m +n — 3) theorem, 


= (a, Y, ayn t (AD es BC), Lon, Y, oyetan 
2, Wi he een const. of a8 (ayy 


where the suffix 0 denotes that we are in AD- BO to write z=0. 


, (m+n — 2) theorem, 


If in the last formula we change throughout the letters æ, y, z into p, o, T 
(that is, consider U, V as given functions of p, o, 7), but retain r as standing for 
the particular function 0p + 0e + 1r, then the formula becomes 


> io 2 af us sear aE const. of (AD ~ BO), o; TAER 
J(U, V) aB (poy 


, (m+n -— 2) theorem, 


where J (U, V) denotes ae D, the Jacobian in regard to p, o. 
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The effect of dps of the Curves U=0, V=0. Art. Nos. 37 and 38. 


37. We must, in regard to the foregoing special theorems, consider the effect of 
any dps of the curves U=0, V=0. 


Suppose one of the curves, say V, has a dp, but that the other curve U does 
not pass through it; the dp is not an intersection of U, V, and the theorems are in 
nowise affected. 


If U passes through the dp, then the dp counts twice among the intersections 
of U, V; at the dp we have J(U’, V’)=0, and (to fix the ideas, attending to the 
spf E T 
IU F) 
may very well, and indeed (assuming that the theorem remains true) must have a 
finite sum, but except by the theorem itself, this finite sum is not calculable, and the 
theorem thus becomes nugatory. 


(m+n— 3) theorem) the sum 5% will contain two infinite terms; these 


If, however, the curve (æ, y, z)™*"-*=0 be a curve passing through the dp, then 
considering, instead, the case where the last-mentioned curve and U each approach 
indefinitely near to the dp of V; there are two intersections of U, V indefinitely near 
to each other and to the dp; at either intersection, the numerator (2’, y’, 2)™*"— and 
the denominator J(U, V) are infinitesimals of the same order, say the first, and the 
fraction has a finite- value; the finite values for the two intersections have not in 
general a zero sum, and consequently in the limit it would not be allowable to dis- 
regard the intersections belonging to the dp. 


38. But if the numerator curve (æ, y, z)"*"-*=0 passes twice through the dp 
(that is, has there a dp), then reverting to the two consecutive intersections, at either 
of these the denominator.J(U, V) is as before an infinitesimal of the first order, but 
the numerator (a, y, z)”+"-* is an infinitesimal of the second order, and in the limit the 
value of the fraction is =0; we may in this case disregard the intersections belonging 
to the dp; and so in general, the curve (æ, y, 2)"*"-*=0 passing twice through each 
dp of U which lies upon V, we have 


Z (a, Y, A V ‘sh 
2 ey A 


the summation now extending to all the intersections of U, V other than the dps in 
question, which are to be disregarded. And the like in regard to the other theorem 


Cer Yea ae ae Ue oO 
J(U, V) = const. of a8 (ayy i 


= 


The Pure Theorem.—Completion of the Proof. Art. No. 39. 
39. The theorem was reduced to 


AS Sd ca ley 


J (p, f) 


which is therefore the equation to be proved. 
C. XII. 17 
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The (m+n-—3) theorem, writing therein ¢$, f in place of U, V respectively (the 
degrees being as before m and n), is 


s 2 (a, y, sete 43 


KAER A 2 


Here (æ, y, z)"**-* is an arbitrary function of the degree m+n-—3, and this may 
therefore be put = (x, y, z)}} = dq, where 5, = (da, ... Yx, y, z)”, is a function of the degree 
m; and since the curve ¢=0 passes always through the dps of f, and varies subject 
to this condition, the curve 6¢=0 will also pass through the dps; hence taking 
(æ, y, z} ==0 a curve through the dps, the curve (a, y, 2)" ôġp=0 is a curve 
passing twice through each of dps, and the (m+n—3) theorem thus gives the equation 
which was to be proved. This completes the proof of the pure theorem 


x (a, y, 2)" dw = 0. 


The Affected Theorem.—Completion of the Proof. Art. Nos. 40 and 41. 
40. The theorem was reduced to 


(2 Y, 2) òp òp: | ods 
> oe > A a ry), 
J($, f) ( ) 


which is therefore the equation to be proved. 


The (m+n-— 2) theorem, written with (p, e, T) in place of (a, y, z), and putting 
therein ¢, f for U, V, is 


z U TA R TS e a D 
J (ġ, FeR) aß (poya ; 


where it will be recollected that the suffix (0) denotes that r is to be put =0. 
Here (p, o, 7)”*”~ is an arbitrary function of the degree m+n—2, and this may 
therefore be put =(a, y, zh > òp, the two factors being each of them considered as 
expressed in terms of (p, o, T); and since each of the curves (o, y, 2)**=0 and 
5¢=0 passes through the dps of f, the curve (a, y, z).""8¢=0 is a curve passing 
twice through each of the dps. We have therefore 

s y 2h Oh _ p (AD = BC), (2, Y, 2h 


- = const. 0 TO pN T OT 


J ($, f) aß (poynn™ 
where on the right-hand side (#, y, zh}? is considered as a function of p, c, 7, and 
we are to put therein r=0; it has been seen (No. 26) that the value is Lo 


where f, is what f, considered as a function of p, o, r, becomes on writing therein 
7=0; the right-hand side thus becomes 


ve (AD— BC), f,A*8¢, 
= const. of ap (ea f 
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41. But for r=0, we have 


Aho ar Biho =ap™, 


Or ho > D; i Bom 
and hence 
(AD — BC), fi = A,Bo™ — Cyap™, 


and the right-hand side thus becomes, say 


Ay, 
ap mn + goin = dg, . 


— A’ const. of (- 


But in calculating the constant of ans dp), We may suppose not only +=0, but also 
o=0: we then have ¢=(a, y, 2)”, -(§ 3j (h i, a", =(§)" ¢,, and hence also 
barns ($) Sdn. 


Similarly, in calculating the constant of =. ôf», we may suppose not only r=0, 


z mn 
but also p=0: we then have ¢,=(a, y, 2)”, =(5) (#3, Yo, 2)", = (5) $ $, and hence 


ta (J 


Moreover, in the equations 
Aygo + By fo = ap”, 


Capo Ap D, (Time Bane, 


Pa i p\™ ree A\™ 1 
writing in the first equation o=0, we find A, A d= ap", that is, am (3) g 
1 
and similarly writing in the second equation p= 0, we find 0, Ai p= Bo, that is, 
Pea i or : and the expression thus becomes 
Bou fon de 


2) 


giving the equation which was to be proved. This completes the proof of the affected 
theorem 


s Y, gha? dw _ AE 


012 Q +e 


17—2 
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CHAPTER III. THE MAJOR FUNCTION (a, y, 2) 
Analytical Expression of the Function. Art. Nos. 42 to 49. 


42. The function has been defined by the conditions that the curve (a, y, zh” = 0 
shall pass through the dps, and also through the n—2 residues of the parametric 
points 1, 2: and moreover, that on writing therein (æ, yı, 21) for (æ, y, z), the function 
shall become =n.1""2. Obviously the function is not completely determined: calling 
it Q (or when required ©,,), then if 9’ be any particular form of it, the general 
form is Q= +(x, y, z)"*.012, where (a, y, 2)" is the general minor function, viz. 
(x, y, z)/”*=0 is a curve passing through the dps: the major function thus contains 
4(n—1)(n—2)—6, =p, arbitrary constants. 


Agreeing with the definition, we have the before-mentioned equation 


Sart 


Aw (n. 1" 2, ...F Up, o)”? + terms involving r, 
viz. from this expression for Q it appears that the curve Q =0 meets the line through 
1, 2 in the n—2 residues of these points, and moreover, for (æ, y, 2)= (%1, Yı, %) and 


therefore (p, o, r)=(A, 0, 0), the value of Q is =n.1"" 2. 

43. We can without difficulty write down an equation determining Q’ as a function 
(x, y, 2)", which, on putting therein t=0, becomes equal to the foregoing expression 
aie (n. 1" 2,...4%, c}, and which is moreover such that the curve Q'’=0 passes 
through the dps; which being so, we have as before, Q=’ +(x, y, z}. 012, for the 
general value of Q. 


To fix the ideas, consider the particular case n= 4, the fixed curve a quartic: 1’, 
on putting therein t= 0, should become 


hy x (4.192, 6.192%, 4.124 p, o); 


and it is to be shown that this will be the case if we determine Q’, a quadric 
function of (x, y, z) by the equation 


(2, Y, 27 » YY 1=0, 
1(@, ti,” , Ste 
2 (aj) ths e Yo: %);. 6. 192? 3 
1 (a, Yas 2a)" Ju fae 


abe, Fos hs 0 


where the left-hand side is a determinant of seven lines and columns, the top line 
being æ, y’, 2, 2yz, 22x, 2æy, Q’, and similarly for the second line; the third line is 
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2H, 2Y,Yo, 22,22, 2(YrZ2+Yo%), 2 (2% + at), 2 (a, Yo myI 6. 1°2?, and in each of the 
last three lines we have six arbitrary constants followed by a 0. The equation is of the 
form O + MQ’=0, where O is a quadric function (a, y, z}, and M is a constant factor. 


44. If the quartic curve has a dp, suppose at the point a, coordinates (£a, Ya, Za), 
then in order that the curve ©’=0 may pass through the dp, we must for one of 
the last three lines substitute (Sa, Ya, Za}, 0; and so for any other dp or dps of the 
quartic curve. And the conditions as to the dp or dps (if any) being satisfied in this 
manner, we may if we please, taking (æg, yg, Zg) as the coordinates of an arbitrary 
point 8 (not of necessity on the fixed curve), write any line not already so expressed, 
of the last three lines, in the form (ag, yg, ze}, 0; the effect being to make the 
curve 2’=0 pass through the arbitrary point £. 


45. To show that the equation on putting therein +=0 does in fact give the 
required value, v=} (4.1, 6. 172°, 4.12°+§p, c}, =® suppose, it is to be observed 


that, effecting a linear substitution upon the first six columns, the equation may be 
written , 


Pipi as T i | =O; 
| 1 (pis %1, T) g 25123 

2 (pi, Fis TQ ps, Os, Ta). 6. 192? | 

1 (py. 85) Ta) oh ee 


a’, a, i; x, gy; h’ ? 0 


where (Pı, 01, Tı), (P2, C2, Ta) are what (p, c, T) become on writing therein for (æ, y, 2) 
the values (%, Yı, 4) and (a, Ya, Za) respectively; viz. we. have (p, a, 71 =(A, 0, 0); 
(p2, G2, T)=(0, A, 0); the equation thus is 


Pes) a See, | 2tp, . Joe, Q/ = 0, 
A eue as ee. LC ls ah ee 
tes se hg ce Dery | On 2A DTG  EAP 
eae lO). Ga SOn AT 
ees BO Py A go OS 0 


and then by another linear substitution upon the columns, the last column can be 
changed into ’—®, 0, 0, 0, 0, 0, 0; whence writing t=0, the equation becomes 


Pree 0, 0, 0, 2c, QO -—P | =0, 
Beating OF.0', 0 Oy eres 
Oh Oe OO, ai eee, 0 
0:7, AR 0, Te 0, 0 
a, ok), heh, Pen a! 0 
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or, omitting a constant factor, it is 


P’, 
A’, 


ao, po, 
Oe ok 

, 20’, 
An 00 


Q- | =0, 


0 


| 
oilz 


that is, Q- Ẹ®=0, or 1’ =9, = 4 (4.1 6. 1°22, 4.12°+Yp, o}, the required value. 


46. Considering the equation for Q’ as expressed in the before-mentioned form 
O+ MQO’/=0, the value of the constant factor M is 


(a, , 
(a, , 
(a. ’ 


a, 


or if, instead of each line such as a, 


have 


a value which is 


= a , 
La , 


La» 


(2, 
(a, 
(2, 
(a; 
(xp, 


(ty, 


Yb; 


or say this is = 12a. 128 . 12y . aßy. 


Ys 2) 
th, % $t, 
Yo, 2a) 
Bon OP aes 


Oy GK 


Yi, 2) 
ths 21$, 
Yo, Z) 
Yas Za)" 
Up, 2) 


Yy, 2y) 


Yo, 2a) 


g, h, 


h, we have a line (a, Ya, Za}, then we 


Yr, 2a) 
Yis Ay 
Y2, Zə 
Uy, E2 


Ta, Yas Za , 
g, Ye» Zg 


Dy, Yy, Zy 


47. It is obvious that the foregoing process is applicable to the general case 
of the fixed curve of the order n with 6 dps, and gives always ©’, by an equation of 
the foregoing form O+MQ’=0, where O is a function (a, y, z)} of the coordinates, 


and M is a constant factor. 


Supposing that in the determinant for ©’, each of the 


lower lines is written in the form (a, Ya, 2a)"~*, 0, the number of the points a is 
=}(n—1)(n—2), viz. these are the 6 dps, and 4(n—1)(n—2)—8, =p, other points a. 
The general expression of M is M= 12a. 128 ... (ar 8"—...), viz. equating to zero a 
factor such as 12a, this expresses that the point a is on the line 12; but equating 
to zero the last factor (a”-*8"~*,,.), this expresses that the several points a, viz. the 
dps and the p other points a, are on a curve of the order n—3. 
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48. Preceding the case n=4, above considered, we have, of course, the case n=3, 
5=0, the fixed curve a cubic; the equation for Q’ is here 
BR es oy SE ee, 
Ti, Yis 4, 3 . T2 
Rip Yp aS Ir TA 
Day Ya, Za, 
giving 


10/= 1°2 . 02a + 12? . 0al 
12a i 


or if we write herein 3 for a, this is 
, ke O28 + 12%) 088. 
ae 123 : 

and we have hence the general form 


1°2 . 023 + 12? . 031 


1Q = a 2 
40, 123 + K.012, 


where K is an arbitrary constant. 


49. There is, however, a more simple particular solution 4Q'= polar function 
012 (f= + y+, then 012 = xa, 4,4 YYY: + 22122), which, to avoid a confusion of notation, 


we may write = 012. We at once verify this; for, expressing the coordinates (æ, y, 2) 


in terms of (p, c, T), we have 10/ = 012, =F (12. p+ 12, o + 123.7), which, for r=0 


becomes = ie .p+12?.o}. 


We must, of course, have an identity of the form 


~— 172.023+12?.031 


012 = ——j53 —— + K..012, 
and to find K, writing here 0=3, we have K = 93° oF we have the identity 


123 012 — 123 012 = 1°2 . 023 + 12°. 031. 


Single Letter Notation for the Polar Functions of the Cubic. Art. Nos. 50 and 51. 


50. The notation of single letters for the polar functions is not much required 
in the case of the cubic, but, in the next following case of the quartic it can hardly 
be dispensed with, and I therefore establish it in the case of the cubic: viz. I write 


23, 3:1, L2=f, g, h, 23, 81°, 12=1, j, k; 123=1, 
or, what is the same thing, the expression for the cubic function f in terms of p,o, t is 


A’. f= 8hp*a + 3jp*t + Ikpa? + 6lpot + 3gpr? + 3fo°r + 3107? ; 
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an equation which, writing 0° instead of f, may also be written 
A. 0 = (3h, 37, 3k, 6l, 3g, 3f, 31Yp*e, pT, po, pot, pr’, ot, or’); 
and I join to it the series of equations 
A’. 01 = (0, 2h, 2), k, 2l, gXp*, po, pt, ©, oT, 7°), 
» O2=(h, 2k, 2, 0, 2 1% ), 
» O8=(7, 21, 29, fi 21, OF 2 4 
A .01?=(0, h, 7 Up, o, 7), 
A 012 =(h; BUY yy ©), 
» OB=(,49% » ) 
» =k, 0,79 » ), 
» OB=(fFiL » ), 
a Omg, 8 Ome 


51. In particular, we have A.012= hp + ko + lr, and the above-mentioned identity 
123 012 — 123 012 = 1°2. 023 + 12. 031 is simply hp + ko +lr —Ir = hp + ko. 


Single Letter Notation for the Polar Functions of the Quartic. Art. No. 52. 
52. I write here 
23, S11, PA= fg Aj) Bar, Ol? et eed A: 
1°23, 12°38, 123°=1, m, n; 273%, 3°12, 1°2°=>p, gq, 7; 
so that the expression for the quartic function f in terms of p, o, r is 
At. f= dhp'a + 4jp*r + 6ppo? + 12lp at + qpr 
+ 4kpo* + 12mpo*r + 12npor? + 4gpT + 4fo*r + Gro*r + diet, 
which, putting 0* for f, may also be written 
A‘.0'=(4h, 4j; 6p, 121, 6g: 4k, 12m, 12n, 4g: 4f, 6r, 4¢+) 
(pia, pir; pa", par, PT, po®, por, por’, DTO T O T aT), 
and I join to it the series of equations 


A. 01 =(0; 3h, 37; 3r, 6l, 3q; k, 8m, Zn, gÝ, P, PT, po’, pot, pt’, o, or, at, 7°), 


» 02= (h; 3r, 3l; 3k, 6m, 3n; 0, 3f, 3p, iğ b ), 
» 03=(j; 3l, 3q; 3n, 6n, 3g; f, 3p, 3i, OF x ), 
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A?.0*l? =(0; 2h, 23; 1, 21, g Yp?; po, pr; o o7, 7°), 
» O12 =(h; 2r, 252%, Danas 
»: O13 =(7; 21, 2g; m, 2n. 99 3 
„ 02 =(r; 2k, 2m; 0, 2f, pý 
„ 0°23 =(l; 2m, Ins f, 2p, iÑ 
» 073? =(q; 2n, 29; p, 21, 0% f 
A. 0l? = (0, h, j Up, a, 7), 
» (ORF aah eet 3h. N 
) 


` 


v 
` 
`" a ` 


~ 


» OS =$9,g0 a) 
» 012 =(r, k, m)-- . ), 
3 ize =e; nt he 7G, T, 
» 013 =q n g » ) 
OR e EE ih 
» 023 =(m fi pl » ) 
» 023 = (m pif » ) 
» OF =9,4 09 O ) 


which will be convenient in the sequel. 


Major Function—The Fixed Curve a Cubic. Art. No. 53. 


53. It has been already seen that a simple particular form is 10/ = 012: and 
that the general form is Q = Q'+ K,012. 


Major Function—The Fixed Curve a Quartic. Art. No. 54. 
54. It is to be shown that a particular form is 


nie 01 , 02% + 0122. 012? + 0712 . 122? 
2 TE 1222 


In fact, by the foregoing values of A.01%, &c., the numerator of this expression, 
multiplied by A’, is = 

— (ho + jr) (kp +r) 

+ (hp + ro + Ir) (rp + ko + mr) 

+ r (hp? + 2rpo + 2lpt + ko? + 2mor +. n7*), 
which is 

= 2hr + 8rpo + (hm —jk + 3lr) pt + 2kro® + (— fh + kl + 8mr) ot + (— fj + lmt+ nr)t; 
and this, for r= 0, becomes 
=r (2hp? + 3rpo + 2ko?). 
©. XII. 18 
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Hence for r=0, we have 
w= T he + Grpo + dike’), 
that is, 


= Gilt. 12. p7+ 6. 1°22, pa + 4. 12°. 0%} ; 
and ©’ is thus a form of the major function (æ, y, zh. Of course the general form 
is Q=Q +(x, y, z).012. 


Syzygy of the Major Function. Art. No. 55. 


55. Writing now (a, y, zh” =Q; and taking on the fixed curve a new point 3, 
consider the like functions ©,, and Q,,: it is to be shown that we have identically 


Ox, . 031.012 + Os, .012. 023 + Q, . 023. 031 — (123)? f = 023 . 031 . 012 (a, y, z}, 


where (#, y, 2} is a properly determined minor function; or, considering herein 0 as 
a point on the fixed curve and writing therefore f=0, the equation is 


56. Write for a moment X = 0,,.031.012+Q,,. 012.023 4+ 0,,.023.031; then k 
being an arbitrary coefficient, we have X —kf=0, a curve of the order n, passing 
through the points 1, 2, 3, and also through the residues of 2, 3, the residues of 3, 1, 
and the residues of 1, 2; in fact, at the point 1 we have 012=0, 031=0, and 
therefore X =0; also f=0; and therefore 1 is a point on the curve. Again, at any 
residue of 2, 3, we have 0,,=0, 023=0, and therefore X=0; also f=0; and hence 
the residue of 2, 3 is a point on the curve. 


It is next to be shown that k can be so determined that the curve X —kf=0 
shall have a dp at each of the points 1, 2, 3. Supposing this to be so, we have 
the line 23 meeting the curve X —kf=0 in the points 2 and 3, each counting twice, 
and in the n—2 residues of 2, 3, that is, in »+2 points; hence the curve X —kf=0 
must contain as part of itself the line 23, and similarly it must contain as part of itself 
each of the other lines 31 and 12, viz. we shall then have X — kf = 023.031.012.(a, y, z)"~; 
and from this equation observing that the curves ©.,=0, Q,; =0, Q.=0 each pass 
through the dps, it follows that the curve (#, y, z)""*=0 also passes through the dps; 
hence, k being found to be =(123)?, the theorem will be proved. 


57. Taking an arbitrary point a coordinates (£a, Ya, Za) and writing 
D= £ +3? Md F 4. 
8 a dy * "da? 


* This is the differential theorem corresponding to C. and G.’s integral theorem, p. 26, viz. this is 
Sén+Sng+Sce=I, a sum of three integrals of the third kind=an integral of the first kind. 
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we have to find k, so that the curve D(X —kf)=0 shall pass through the point 1. 
Observing that D023 = a23, &c., we have 
D(X — kf) = DO. 031.012 + Qu (031 . a12 + a31 . 012) 
+ 423 (Qa . 012 + Qu. 031) 
+023 (Qn. a12 + Qu. a31 + DOs,.012 + DO,,.031} 
= kDf, 
and, to make the curve pass through 1, writing herein 0=1, we have 
0 = 123 (Qu . a12 + 0,,'. a31)— k (DF }, 
where the superfix (1) denotes that we are in Q,, 2, and Df respectively to write 
0=1. We have Qu =n.1"~ 3, Q =n.1"2, (Df}=n.1" a, and the equation thus is 
n. 123 (1°73 . a12 + 1”— 2., a31) — kn. 1” a = 0. 

But we have identically 1%71.a23 + 1.7 2.a3l + 1” 3 .a12 = 1” a. 123, where 
1”—~1, = 1” is, in fact, =0; the factor 1**a thus divides out, and the equation becomes 
k =(123}; viz. k having this value, the curve X —kf=0 will have a dp at 1; and 
clearly by symmetry, it will also have a dp at 2, and at 3; the theorem is thus 
proved. 


The Syzygy, Fixed Curve a Cubic. Art. No. 58. 


58. The syzygy may be verified independently in the case where the fixed curve 
is a cubic. Observe that the syzygy, if satisfied for any particular form of Q, will be 


generally satisfied; we may therefore take $0, = 012. Writing then 


{Qu 012 

O12 = 01a? 7 (9121 ra a 
and taking 0 to be a point on the cubic curve, we ought to have {023} + {031} + {012} =a 
constant; the value of this constant comes out to be = {123}, and the syzygy in its 


complete form thus is 
{023} + {031} + {012} = {123}. 
We have 


A 023, A 031, A012 = lp + fo + ir, jp+lo +gr, hp + ko +r, 
and the equation thus is 
lp+fo+ir jptlotgr hptkatl ino; 
P g T 
this, multiplied by par, becomes 
hpo + jpt + kpa? + 2lpar + gpt® + fo*r + tor? = 0, 

which is, in fact, 4f=0, the equation of the cubic curve. 

Observe that the new symbol {012} is, in virtue of its determinant denominator, 


an alternate function, {012} =—{102}, {012}={120}={201}. The syzygy is a relation 
between any four points 1, 2, 3, 0 of the curve, and it may be also expressed in the 


form 
{123} — {230} + {301} — {012} = 0. 
18—2 
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The Syzygy, Fived Curve a Quartic. Art. No. 59. 


59. Taking Q., as before, we have 


$y» _ — 0L. 02 + 012. 012 + 0°12. 122 à ; 

1 a: iis = {0°12} suppose : 

and then, taking 0 to be a point on the quartic curve, we ought to have 
{0223} + {0°31} + {0°12} = (æ, y, z}, a linear function of (a, y, 2), 


or, what is the same thing, considering the left-hand side as expressed in _terms of 
p, T, T, the sum should be s 


=(p, o, T), a linear function of (p, ©, 7). 


By a preceding formula we have 
1 J 

{0712} = Ray {Qhrp?+ 3r°po + hm — jk + 3lr) ptr 
+ 2hro® + (—fh + kl + 3mr) or + (— fj + lm + nr) 7°}, 
which is . 


(31+ hm = p Ë (3m-+ —fh th pagi (n gi ai A as 1 2hp? + 3rpo + 2ko? 
-5 a r n A? 


T 


And hence, forming the sum {023} + {0°31} + {0°12}, we have first a fractional part 
which is found to be integral, viz. this is 


fo? + 3por + Qin? 2g +3 arp + 2jp* _ hp + 3rpo + 2ko’ 
rs E E i 
1 ; ; 
= va {2hp'a + 2jpr + 3rp%a* + 3gqp*r° + 2kpo° + 2gpr* + 2fo*r + Bpo*r? + Zior}, 
4 tet Grates 
sa {tA ae 6lp°ar — Gmpa*r — 6npor*}, 
or since f=0, this is 


= ia (— 6lp— 6mo — 6n7). 


We then have integral terms which are at once deduced from the above integral terms 
of 0°12; collecting the several terms, we find 


{0223} + {0°31} + {0°12} = ; 
4 mn—gk | jn—gh | hm—Jjk fn—ik In—hi kl =fh) 
mf (t+ p + q + as aai (meas i E A 
+r (nr Oo, tat een 
Pp q r 


which is the required result. 
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Preparation for the Conversion—The Symbol 0. Art. Nos. 60 to 63. 


60. I use 0 as the symbol of a quasi-differentiation, viz. U being any function 
of (a; ¥; 2), ðU denotes E multiplied by the differential oa de + Uy + Ode; in 
such a differential, the increments dæ, dy, dz do not in general present themselves in 
the combinations ydz—zdy, zdx—adz, ædy— ydæ; but they will do so if U is a function 
of the degree zero in the coordinates æ, y, z (that is, if U be the quotient of two 
homogeneous functions of the same degree); and this being so, we can by the equations 

ydz— zdy _ zdæ—ædz _ædy — ydw 
ee a ar 
da dy dz 


get rid of the increments, and dU will denote a function of (æ, y, z) derived in a 
definite manner from the function U. The symbol ð will be used only in the case 
in question of a function of the degree zero. Of course 0, will denote the like 
operation in regard to (a, Yı, 2); and so ð», &c.; and we may for greater clearness write 
ð in place of ð. 


, = do 


61. Consider then 0 a where P, Q are functions (æ, y, 2)” of the same degree: 


a” 
we have 
Poni 
0 gigio WAP = Pad), 
and then * 
_@P 1. dP 4E ben oii AE e 
with the like formulæ for Q. Substituting, we find 
PaRI (@@P) d(Q, P), d(Q, P aa} 
5 = mode ET y Ode- edy) + GO (ede -ed) + Fee 2 (edy — yda)}, 
that is, 
P_ 1 (df aQ, P) MEEA Bos) NLM P 
25 in E a a a e P 
or say 


F 1 
quer’: Q, f). 


62. As an example, consider 


ð {012}, = -am (012, 012, f) 
The determinant is 
PA d 
a 012, Yia ezi Yazı > _ ? 
dig df 
| dy 012, zy jo — 2al , dy 
d ~ df 
J 012, Y — Lah, dz | 
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uf 


} P A ~—. d d inal 
and the coefficient herein of oes 012 is (21% — 23%) 4 -— (2y = BY) Jy? which is 


d d d d d d 
= f («f+ Yı Sya A — a (m+ Ye A af) , =3 (P1. y= 02. fy 
and so for the other terms. 


The determinant is thus 


ft BE ee ag Whe Berney OMe sg 6 
= 3 [or (aptr + 5) -mn 022 (a, dx +H dy * zy =) | 012 
say this is 
= 3 [01 . Ð — 02 DJ 012. 
But we have Ð 012=12?, B012=1°2, and the determinant is then = 3(0°1 . 122—0°2.122) ; 
whence finally, writing ô instead of ð, 


021.12 — 02.12 


a {012} =- 3. aa 


63. By cyclical interchange of the 0, 1, 2, we have 
172 . 02 — 017. 02? 


ð, {012}=—3. 013" 
02. 012 — 12.01 
a, 012] = 8. ~~ 


and thence adding, we find 


an important property which, joined to the equation before obtained, 
{023} + {031} + {012} = {123}, 


completes the theory of the function {012}. 


Conversion of the Major Function (Interchange of Limits and Parametric Points). 
Art. No. 64. 


64. Write in general 


(a, Y, Bha e Q 
Tr t — WO, 12> 


Qo, is an alternate function in regard to the points 1, 2 (Qo.2=—Q,a); and in 
regard to the coordinates of the points 0, 1, 2, it is rational, but not integral, of the 
degrees n— 3, 0, 0 respectively: it can therefore be operated upon with 0, or 0, but 
(except in the case n=3) not with 0). 
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The conversion relates not to the general major function (w, y, 2)", but to this 
function with the arbitrary constants properly determined, and consists in a relation 
between two functions Q,.». and Q, 4, (each of them a function of three out of four 
arbitrary points 1, 2,4, 5 on the fixed curve), viz. the conversion is 


GRAN TTi Q 459 


an equation which may be written in four different forms, viz. we may in the form 
written down interchange 1, 2 and also 4, 5.* 


The determination of the constants is a very peculiar one, inasmuch as it is not 
algebraical; viz. in the case of the cubic curve, about to be considered, it appears that 


1 
Qo, 2 contains the term Í dw0; {036}, which is a transcendental function of the coordin- 
2 


ates of the parametric points 1 and 2. 


The Conversion, Fixed Curve a Cubic. Art. No. 65. 


65. We may write Q,wx= {012} + K, where K is a constant, that is, it is inde- 
pendent of the point 0, but depends on the parametric points 1 and 2. I assume K 
to be properly determined, and give an à posteriori verification of the equation 


1 

0:9, 12= 0 Q, s The value is K = Í dw; {036} — {123}, where 3, 6 are arbitrary points 
2 

on the cubic curve, and where in the definite integral, regarded as an integral 

| Udu with a current variable u, the meaning is that this variable has at the limits 


the values %, ù which belong to the points 1 and 2 respectively: a fuller explanation 
might ‘be proper, but the investigation will presently be given in a form not depending 
on any integral at all. 


Substituting for K its value, we have 


Qs, a= {012} + | [a 2, {036} — 023} | 


or, as this may also be written, 
1 
= — {023} — {081} + i dw 2, {086}. 
2 
We have thence 
0: Q, p=— 0 {031} +0; 1136}, 
* The meaning of the property is better seen from the integral form: Qı is a function of the points 
4 1 
0, 1, 2 and Q),4, the like function of the points 0, 4, 5 such that J dw Qo, 19= | dw Qo, 453 Which equation 
5 9 


operated upon with 0,0, gives the formula of the text. And there is thus the meaning (alluded to in the 
heading) that there exists for the integral of the third kind a canonical form (C. and G.’s endliche 
Normalform), such that the integral is not altered by the interchange of the limits and the parametric points. 
The expression for Qo, mentioned further on in the text for the case, fixed curve a cubic, shows that in 


4 1 
this case the canonical form of the integral of the third kind is | dw | 1012} +- ( | dw 3, {036} - { 128} ) |. 
5 2 
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and consequentl 
4 0; Qi T Uaa 0; {431 } + 0s {136}, 


3 Qa, a5 = — 04 {134} + 0, {436} ; 
hence, observing that {431} = -— {134}, &., we have 
01 Qs, 12 — 94Qs, 5 = (0, +34) {134} + 0, {136} — 0, {436}, 
= — 0, {134} + 0, {136} — ð; {436}, 
which, observing that we have ð; {641} =0, is 
= 0; ({136} — {364} + {641} — {413}), =0, 
the required theorem. 
To avoid, in the proof, the use of the integral sign, we have only to consider 
the required function Q, as given by the foregoing differential formula 
dı Qo, 12 = — ô, {031} + 0, {136}, 
for we have then the values of 0,Qs. and ðQ aws: the rest of the proof the same as 
before. 


The Conversion, Fixed Curve a Quartic. Art. Nos. 66 to 73. 


66. We have 
Qo, Pi {0712} H (a, Y, z), 


where (a, y, 2} is a linear function of (s, y, 2), but depending also on the parametric 
points 1 and 2, which is to be determined so as to satisfy the conversion equation 
Oy Q, n= 04 Q; 45° 
Observing that we have {0°23} + {0°31} + {0°12} = a linear function of (æ, y, z), the 
linear function (æ, y, 2)! of Qo. may be taken to be = @®, x — {0°23} — {0°31} — {0°12}; 
that is, we may assume 
Qo, 2 = {0°12} + @, 2 — ({0°23} + {0°31} + {0°12}), 
= {0723} = {0°31} + ©), 129 
where @,,.. is a linear function of (æ, y, z) but depending also on the points 1 and 2, 


which has to be determined. We have 


0; (a al 01 {0°31} i 0,9, 125 
and thence 

01 Qs, == 0: {4°31} pi 0; ©, 12> 

dQ, = SR 0; {1°34} of 0,9, 45> 


giving an equation for ©, 
0,0, DRT 0,®,, 4 == 0: {4°31} = 04 {1°34} ; 


here 4 is an arbitrary point of the quartic, and we may instead of it write 0, the 
equation thus becoming 


0, ®,, 19) 57° 0, o = 0; {0°31} — 0 {1:30}. 
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67. Of the terms on the left-hand side, the first is a linear function of (a, y, 2), 
or say it is an integral function 0', and the second is a linear function of (a, Yı, 4), 
or say it is an integral function 1’: the given function on the right-hand side must 
therefore admit of expression in the form ¢$(0', 1, 3)—¢(1', 0, 3), where (0, 1, 3) 
is a known function, integral and linear as regards the coordinates (æ, y, z) of the 
point 0, but depending also on the points 1, 3; and ¢(1}, 0, 3) is the like known 
function, integral and linear as regards the coordinates (a, Yı, 2) of the point 1, but 
depending also on the points 0, 3. Moreover, since 2 and 5 are arbitrary points 
entering only on the left-hand side, it is clear that 0,0), must be independent of 
2, and @,@,,,; independent of 5; reverting to the cubic case, observe that here 


E 
oe ll dw 0; {036}, whence 0,9 , 12 = 0; {136}, and so 0, o = 3; {036}, and that the corre- 
2 


sponding equation thus is 0, {136} — 0, {036} = ð, {031} — ð {130}, where the left-hand side 
is =0; {013}, and the equation itself (ð, +0;+0,) {031} =0. We then have 


2,0,, ; l a (o) (0, i 3) = 009, “a $ (s 0, 3), 


where the one side is derived from the other by the interchange of the 0, 1. The 
solution therefore is 


2:0, m p (0', D, 3) = X TEN 3), 


a function which is symmetrical in regard to the points 0 and 1, and, inasmuch as the 
left-hand is an integral function 0!, must itself be an integral function (01, 1’), that 
is, integral and linear as regards the coordinates (a, y, z) and (#, Jı, 21) of the points 
0 and 1 respectively. We thus have 


a, = (0, 1, 3)+ X (0, 1, 3), 
and thence or 
0.00, 3 0) (0%, 2, 3) ka pu (0, 2, 3), 


viz. the second of these expressions is, with its sign reversed, the same function of 2 
that the first is of 1. 


68. It follows that, taking a new symbol 7 for the variable of the definite 
integral (in the cubic case ®,,. was independent of 0, and there was nothing to 
prevent the use of 0 for the current point of the definite integral), we may write 


1 eee 

@,4= | doP (7, 0, 3), where 2,P(1, 0, 3)=¢ (0%, 1, 3)+X(0, 1, 3), an equation which 
2 

implies P (0, 2, 3)=¢ (0%, 2, 3) + X (0, 2, 3). But the first of these equations in P 


is nothing else than the first of the equations in ©, 12. 


69. I have succeeded in finding $(0', 1, 3), but the calculation is a very tedious 
one, and I give only the principal steps, omitting all details. We have to bring 
0, 0713 — 0,1703 into the form ¢ (0: 1, 3)—¢(1', 0, 3). From the value of 
— 01°. 03? + 0173 . 013? — 0718 . 123? 

013 . 1°3? í 
0: X 19 


{0°13}, = 
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we find, by a process such as that of No. 62, 


a, {013} = 4 f- 032. 01° — 0'3. j 
1 (a 01° [03° . 0123 — (013%)'] ) 
g \  +[2.013. 013+ 1.03. 01°3— 3. 0°12. 03]j 


1 ( 2. 01° O ane at 
@ \— 2. 013? (— 01°. 03? + 013? . 0123) j/f 


Substituting herein the values 01 = 5 (he + jr), &c., we have Ž multiplied by a cubic 


function (p, c, T}; writing down first the integral terms, and then the others, we have 


i 
a,{0°13} = \p | (~ hn + 5jm) + : (4ghl — Soir — 2hij + Pp + 2nd) + A (— 29h? +-4ghjn — aj) | 
+o E —hp + > (2hil — 2hr? — 3ür + jlp+2jmn) + 3 (2ghin — 2gh* + 2ħijn — aje) 


Hs | sip + AG Bohn Baim Dili Df). + 3 (Byth aghi = Rajin zijn) |} 
(say this linear function of p, o, r is = D) 
+T {p®. 2}? + po (671 — 3hg) + p°r . 3jq + pot (— 2gh + jn) + pT?” . 297 + oT? . Zij}. 


70. The expression of 0, {1°03} is deduced from this by the interchange of 0, 1: 
and I write 
a, {0°13} — 3, {1203} = O — » 
+ si [e {p®. 27? + po (— 3hq + Gjl) + pr. 3jq + pot (— 2gh + Gyn) + pT? . 2g) + or? . 27} 
— A’ {A®, 2 (0°3?)? — A®a (— 3 . 082 . 0°3? + 6 . 0°3 . 0°23) -- A?r . 3. 0°3 . 0°3? 
+ Aor (— 2. 03°. 082 + 6 . 093 . 0232) + Ar?. 2. 03%. 0°3 — or? . 27. 0°3}], 


where, and in what follows, the * denotes the function immediately to the left of it, 
interchanging therein the 0, 1. It will be observed that the OJ, qud linear function 
of (p, o, T), that is, of (x, y, z), is a term of the required function $(0', 1, 3): the 
remaining portion has to be reduced by means of the expressions for A? (03°), &c., in 
terms of p, o, T. 


71. We obtain 
0, {0°13} — 0, {1703} = O — * 


i j , 
T {o (2fj — 3hp — 3kq + 18lm — Inr) + 7 (— 3gr — 3jp + 9mq)} 
+ f {o? (12fl — 12kn + 18m? — 9pr) + or (6fg — 69k — Gir + 18mn) + T°. Gym} 


+E [ot (18 fin — kp) + o*r (13fn — Sik + 9mp) + 07° (4fg + im) 


1 j 
+a (ot. 4f? + or. 6fp + °T . 4fi). 
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The terms of the second line may be transformed as follows: 
i (2fj — 3hp — 3kq + 181m — Inr) 
=4 xi (2fj — 3hp — 3kq + 181m — 9nr) — » 


1 
+ Asp {o° (— 12fl + 12kn — 18m? + 9pr) + or (— 8 fq + 3gk + gir — }lp — 9mn)} 


tan z (P (— 80fm + 15kp) + o°r (— 12fn + 12ik —18mp) + or. — 9np} 


+E {ot . —10f?+ or. — 15fp + or. — 9p + ort. — 3ip}, 
and 


= (— 3gr — 3jp + 9mq) 


= $55 (C 3gr — 3jp + Img) — » 


1 
+ Ap {or (— $fq + 3gk + Sir + glp — 9mn) + 7°. — gm} 


e {o°r (— 9fn + 3ik) + oT? (— 6fg — bim) + 7°. — 3gp} 
bag is {o*r.—3fp + or. — 6fi +07*. — 3ip} ; 


substituting these values, the whole third line is destroyed, and we find 
0, {0°13} — 3, {1703} =O —* 
I : : ; 
+4. Ai {e (2fj — 3hq — 3kj + 181m — 9nr) + t (— 3gr — 3jp + 9mq)} — 
1 

+ Aap {o° (— 12fm + 6kp) + o?r (— 9fn + Tik — 9mp) + or? (— 2fg — Inp) + T . — 3gp} 

+ E {o*. — 6f? + or .— 12fp + or? (— 2fi — 9p?) + orè. — bip}. 
Ultimately the last two lines of this expression are found to be 

-— £ {p (— 2hn + 4jm + 20? — 2qr) + o (— 2fj + 2hp + 2kq — 10lm + Snr) 
+7 (2gr + hi — jp + Tin — 4mg)} — 


T). —*. 


so that the whole is now a sum of three linear functions of (p, o, 
19—2 
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72. Collecting the terms, we have 
0, {0713} — 0, {1°03} = 
a [e f- Shn + 9jm ETET, : (aghti Soin — a 4-84: Sin) 
a a 29th? + agind aj) 
oe fa (—hp + kq — 2lm + nr) + ; (2hail — 2hn? — Bur + jlp + 2jmn) 
4 at agnas + Qghln + Bhijn — zi} 


+r f (gr + 2hi + jp + mq + 141n) + - (— 2ghn + 2gjm — 2ijl — 2jn?) 


FP 3 (2g°hl — 2ghħij — 2gjln + Zin) 


mae A 


73. The right-hand side depends on the points 0, 1, 3 and 2: viz. we have therein 
p = 023, A =123, &c., but the left-hand side depending on only the points 0, 1 and 3, 
the right-hand side cannot really contain 2, and it must thus remain unaltered, if for 
2 we substitute any other point on the quartic, say 6: the right-hand side may 
therefore be understood as a function of 0, 1, 3 and 6, viz. p, A, f, &c., will mean 
063, 163, 6°3, &c.: we have thus ¢$(0', 1, 3)= the above linear function with 2 thus 
replaced by 6; say 


(0, 1, =l )to( )+r( Ih 


a given function of the points 0, 1, 3 and the arbitrary point 6, on the quartic curve ; 
we therefore write it $(0!, 1, 3, 6). There is no obvious value for X (0, 1, 3) which 
will produce any simplification: I therefore take this function to be =0; and the final 
result is 

Qo, 12 = {0712} + Oy, 2 — ({0?23} + {0°31} + {0712}), 


where ©,,,. is a function integral and linear as regards the coordinates (wv, y, z) of 
the point 0, but transcendental as regards the parametric points 1, 2; and containing 
besides the arbitrary points 3, 6, of the quartic curve, its value being determined by 
the differential formule 


0,9), l = $ (0', 15-3, 6), 0.0), T te $ (0%, -2, 3, 6), 


where ¢$(0}, 1, 3, 6) is a given function as above. I do not see the meaning of the 
very complicated linear function of (p, c, r), nor how to reduce it to any form such 
as the simple one 0; {036}, which presents itself in the case of the cubic curve. 


Cambridge, England, October 5, 1882. 
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CHAPTER IV. THE MAJOR FUNCTION (a, y, Z), CONTINUED. 


The Conversion, Fixed Curve a Quartic, continued. Art. Nos. 74 to 82. 


74. I resume the question considered ante Nos. 66 to 73. The general problem, 
where the fixed curve is any given curve whatever, has recently been solved in a 
very complete and elegant form by Dr Nother, in the two notes “Zur Reduction 
algebraischer Differentialausdriicke auf die Normalformen” and “Ueber die algebraischen 
Differentialausdriicke, 2° Note,’ Sitzungsb. der phys.-med. Soc. zu Erlangen, 10 Dec. 1883 
and 14 Jan. 1884. I consider here the case of the quartic curve, n=4, and connect 
his result with my former investigations. 


We have the differential 


(2, Y, Ze” do — Ondo 
012 sa | a 


where Q», or as I also write it Q (0; 1, 2; 3, 4, 5), is a rational and integral 
function of the degree (n—2=)2 in the current coordinates (v, y, 2): it depends also 
on the parametric points 1, 2, which are points on the quartic, coordinates (m, yı, 21) 
(£>, Y2, 2) respectively; and on (p=)3 other points 3, 4, 5 on the quartic, coordinates 
(23, Ys, 23), (Cas. Yas 2), (Wss Ys, 25) respectively. The curve 2=0 is a conic, which is 
taken to pass through the dps (none in the present case) and through the (n -— 2 =) 2 
residues of the parametric points; and the function Q is such that on writing therein 
(21, Yas 21) for (a, y, z) it becomes = (n.1"12* =) 4.1°2: viz. we have © (1; 1, 2; 3, 4, 5) = 4.152, 
which implies also (2; 1, 2; 3, 4, 5)=4.12%: so defined, the function would contain 
(p=) 3 arbitrary constants, but these are determined so that the curve Q2=0 passes 
through the 3 points 3, 4, 5 on the quartic: and the function Q, =0(0: 1, 2: 3, 4, 5) 
is thus a completely determinate function, rational and integral of the degree 2 in 
the coordinates (æ, y, z) of the current point, and rational in the coordinates of the 
other five points respectively. I call to mind that 012 denotes the determinant 
formed with the coordinates (a, y, z), &c., of the points 0, 1, 2 respectively: the like 
notation is used throughout. 

75. The function Q (0; 1, 2; 3, 4, 5) is, in fact, the function Q’ of No. 43 with 
only the further condition in regard to the points 3, 4, 5 of the quartic; viz. Q is 
the function determined by the equation 


(20.05, Ar i 2 =0: 
E (æi Yi 4) , 4,152 
2 (Gi, ir ANG, Yo, 2), 6.1728 
1 (&, Yo, 2)" wi? 

(2s, Ys» 23) ANEN, 

(4, Ys, Za) , 0 

(5, Ys, Zs) PEN, 


d d d s 
* (atng tea) (a Yis AE E 12; see No. a: 
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this is of the form 
MQX+0=0, 
and as appears in No. 46, M is =123.124.125.345. Hence writing O (0; 1, 2; 3, 4, 5) 
for O, we have it 
-0(0: _~U@; 1, 2; 3, 4 5) 

DOL Bir ae, Oh og ok, ee ae 
Hence further writing 

Q = Q (05 1.25 3,4, 5), OL EES SO) 


so that the differential is Qdw, =Q(0; 1, 2; 3, 4, 5)dw, we have 


_-O (0; 1, 2; 3, 4, 5) 
Q= 20; 1, 2; 3, 4, 5) = OTe ey, 124. 195 . B45” 
which is of the form 
07124345" 
011243457 
viz. Q is a rational fraction where the numerator is of the degree 2, and the denom- 
inator of the degree 1 as regards the coordinates (a, y, z) of the current point: but 
the numerator and denominator are each of the degree 4 as regards the coordinates 
of the points 1, 2 separately, and of the degree 2 as regards the coordinates of the 
points 3, 4, 5 separately: that is, Q is of the degree 1 as regards the coordinates 
(x, y, z), but of the degree 0 as regards the coordinates of the points 1, 2, 3, 4, 5 
separately. 


76. The signification of the symbol of quasi-differentiation 0 (applicable only to 
a function of the degree 0 in the coordinates to which the differentiations have 
reference) is explained ante No. 60. The function Q just mentioned is of the degree 0 
in regard to the coordinates of each of the points 1, 2, 3, 4, 5; and it can thus be 
operated upon by the symbols ô, ð, ðs, 04, ðs respectively. Observe, in particular, that 
we have 0,Q(0; 1, 2; 3, 4, 5) = 012345, viz. it is of the degree 1 in the coordinates 
of the points 0 and 1 respectively, but of the degree 0 in regard to the coordinates 
of the points 2, 3, 4, 5 respectively. 


Q= , =0'12345°, 


77. This being so, we may consider the function 


H(0;~1, 2; 3, 4, 5; 6, 7, 8)=0,Q(0; 1, 2; 3, 4, 5) 


+2,Q(1; 3, 2; 6 4 5).o00 


} 053 

$ 9. ee 
+0,Q(1; 4, 2; 3, 7, 5). 353 
j 034 

+Q (1; 5, 2; 3, 4, 8) . 554 


where 6, 7, 8 are arbitrary points on the quartic; the functions 


3 (1; 3, 2; 6, 4, 5) aQ(l; 4, 2; 3,7, 5) BQC; 5, 2; 3, 4, 8), 
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are functions of the same form as 0,Q(0; 1, 2; 3, 4,.5), and derived from it by 
changing in each case the current point 0 into the parametric point 1, and by further 
changing in the three cases this parametric point into the points 3, 4, 5 respectively, 
and replacing the corresponding point 3, 4 or 5 by the new arbitrary point 6, 7 or 8. 
Further 045, &c., denote determinants as above; so that in H each of the last three 
terms is, in fact, as regards the point 0, a mere linear function of the coordinates 
(a, y, 2) of this point. 

We have @,Q(1; 3, 2; 6, 4, 5)=13'2645°, and hence this function multiplied by 
eae is = 01123456"; and so for the third and fourth terms of H: thus each of the four 
terms of H is =01'2345678°, of the degree 1 in the coordinates of the points 0 and 1 
respectively, but of the degree 0 in the coordinates of the other points 2, 3, 4, 5, 6, 7, 8 
respectively. 


Nother’s conversion-theorem consists herein, that the function 
00s LTA 8, 4, 96, 7, 8) 
is unaltered by the interchange of the two points 0, 1; or putting for shortness 


Gy 2 2s es Shs 6.7, B= By), 
the theorem is 


H, (0) = H, (1). 
78. We have, No. 59, 


$ Qi __ — 01°. 02% + 0192 . 012? + 0712. 122? 
le 012. I2 i 


, = {012}, 
or as for greater simplicity I write it = 0712, 


viz. 0°12 is now written instead of {0°12} to denote the function just given as the 
012 ’ 
the conditions that Q,=0 is a conic passing through the residues of the points 
1, 2, and such that Q, on writing therein (#, Yı, %) for (æ, y, z) becomes = 4. 12: 
hence the general form of the function satisfying these conditions is =2.012 {0°12 + 
arbitrary linear function of (a, y, z)}. The before-mentioned function Q (0; 1, 2; 3, 4, 5) 
is a function satisfying these conditions and the further conditions that the conic 
Q=0 shall pass through the three points 3, 4, 5 on the quartic: these further 
conditions serve to determine the linear function: and we at once obtain 

40(0; 1, 2; 3, 4, 5) 045 053 034 


= ()2 we _ 42 a Oe + ei a 
012 = 0712 3°12 575 4°12 753 512. 534 


value of Q is thus =2. 012 .0?12, viz. this is a particular form of Q, satisfying 


viz. the value of Q given by this equation, on writing therein 0=3, 4, or 5, becomes 
=0 as it should do. 
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79. We thus have 


Q(0; 1, 2; 8, 4, 5)=012 “#120 — 412 — 5712 aie ; 
and Nöther’s conversion-equation becomes 
Ch forz- 3712 wae — 412 ee oat 
+ô; {1 232 — 6°32 a — 4°32 ee — 5°32 ae ei 
+ô, fraz — 942 209 — 149 778 — 5142 iit TeS 
+0; {1352 - 3°52 ae 4°52 i — 5°48 saat re 
o fro2 — 3°02 ie 4°02 ae — 5°02 sit 
+2, fo 32 — 632 aa 4232 a 532 A ane 
+04 jor — 3°42 ot 742 0883 753 = — 5°42 oat ie 
Es {0%52 — 3252 ri — 4252 yee — 5°48 A 2 


an equation where the functions operated on with the @’s are only functions such as 
0°12; for there is not any determinant operated upon containing the number which 
is the suffix of the 0 operating upon it. 


80. Taking all the terms over to the left-hand side, there are in all 32 terms: 
but of these 3+3 destroy each other, and 6+6 unite in pairs into 6 terms: there 
are thus in all 7+7+6, =20 terms: viz. multiplying the whole equation by 345, it 


is found that the equation becomes 
or as this may 
be written where 


| 012 =a 0712 — 0, 1702, &e. 


345( 0, 0°12 — a, 1°02) 345 | 012 


— 045 (— 0; 1232 + 0, 3°12) — 045 | 312 | 


— 053 (— 0, 1°42 + 0, 4°12) — 305 | 412 | 
— 034 (— 0; 1°52 + 0, 5712) — 340 | 512 | 
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—145( @,0°32—0,302)  —145 | 032 | 
—~153( 2,022,402)  —815 | 042 | 
~ 184( 3 #52 =3, 502) —841 | 052 | 


+ 013 (— 0, 5°42 +0, 4°52) +301 | 452 | 


+ 014 (— 0, 3°52 + ð; 5°32) +140 | 532 | 


+ O15 (— ô, 4°32 + 0,3°42) +015 | 342 | 


a= QD, = 0, 
viz. the equation is E 
> + 345 | 012 |=, 


the nine terms which follow the first term 345 | 012 | of the sum being obtained by 


the interchanges of 0, 1 (one or each) with the 3, 4, 5, each interchange giving rise 
to a sign —. 


81. In obtaining the foregoing result, we have, for instance, a pair of terms 


pp Ree COSTE e O18! BT. |. 
aga <0, 542, = 0, 5°42 (— 018), 


viz. this depends on the equation 


137 . 053 — 037 . 153 — 537 . 013 = 0, 


or say 
— 137 . 035 + 037 . 135 + 013 . 357 = 0, 


an identity which, in a form which will be readily understood, may be written 


0137 = 0. 
013735 


det. 


Similarly, the two terms which contain 0,4°52 combine into the single term 0; 4°52 (013): 
and the two new terms taken together are 


013 (— 0, 5°42 + 0, 4°52). = 301 | 452 | A 


o- XIL 20 
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82. The proof of the identity, 


3 + 345 | 012 =o, 


depends on the property of the function 


| 012 , =0,0712 — ð, 1°02, 


enunciated No. 67, and proved à posteriori by the tedious calculation Nos. 69 to 78, 
viz, in No. 67, writing 2 in place of 3, this is:—0,0°12—0,1°02 is equal to the 
difference of two functions, the first of them linear in the coordinates (a, y, 2) of the 
point 0, but depending also on the coordinates of the points 1 and 2; the second of 
them linear in the coordinates (æ, y,, %) of the point 1 but depending also on the 
coordinates of the points 0 and 2. Or, what is the same thing, the property is 

ES 

| 012 | =A,e+ Boy + Caz — (Apa, + Boy + Ce), 
where An, By, Cy, are functions of (a, Y1, 2), (2, Yo, 2), and Aw, By, Cy are the like 
functions of (a, Y, 2), (a2, Yo, Za). 


Substituting such values in the sum = +345 | 012 f but writing down only the 


terms which contain æ, these are 


345 (Are — Ava) 


— 045 (Ay, a Aat) — 145 (Aye agi Ants) + 301 (Aum a Ag&;) 
— 305 (A2, — Apa) — 315 (Aya — Ans) + 140 (Axa, — Axa) 
— 340 (Aya, — Ay) — 341 (Aya — Ats) +015 (Aat ai Ao). 


This is 
= Ag (— 2345 + 4,145 + 2,315 + 7,341) 
+ Ap( #345 — 4,045 — 7,305 — 7,340) 
+Ay( 2,045 — x 145 + #140 — 7,015) 
+ Ag (— # 315 + #015 + #305 — 7,301) 
+ Ay (— æ 341 + 2,301 + 2,340 — 7,140), 


where the coefficient of each of the A’s is identically =0: and similarly, the terms in 
y and the terms in z are each =0. We have thus the proof of the identity 


5 +345 | 012 | =0, 


that is, of the conversion-equation H, (0) = H,(1). 
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The Syzygy—Fixed Curve a Quartic. Art. No, 83. 


I revert to the theory of the Syzygy, ante No. 59. 


83. We have 
045 053 034 
. . paa as 98 SA > Rii eae Vases A 
Q(0; 1, 2; 3, 45)= F12 312 575 £12 7 5°12 zag > 
or if for convenience we take instead of 1, 2, the parametric points to be a, 8 coordinates 
(Las Ya, Za) and (Lg, Yg, 2p) respectively, then this equation is 


: ; ji 045 053... 034 
Que =Q(0; a, B; 3, 4, 5)= O'aB—3aB zgr — 44B  — 5'08 =e 


Considering a new parametric point y, and forming the like functions Qs, and Qya, 
it is to be shown that we have identically 


Qag ji Qey T Qya = 0. 


To prove this, observe that, in the equation at the end of No. 59, A, p, æ, t denote 
123, 023, 031, 012 respectively. Hence writing therein a, 8, y in place of 1, 2, 3 


respectively, and putting A, B, C for the coefficients (including therein the factor x) 
of p, æ, t respectively, the equation is 
O?Bry + Oya + aß = A .0By+B. Oya + C.0a8, 


where A, B, Č are absolute constants (functions, that is, of the coefficients of the 
quartic) each divided by (agy. We hence obtain 


(Qey + Qya + Qag). 3845 = 345 (A ‘ OBy +B. Oya +C. 0aß) 
— 045 (A .3By + B . 3ya + C . 3aß) 
— 053 (A . 4By + B. 4ya + C. 4af) 


— 034 (A . 5By + B . 5ya + C . 5aß). 
On the left-hand side the whole coefficient of A is = 0; viz. the coefficient has 
the value det. | 0345 which is =0. Similarly, the whole coefficient of B is =0, 
03458y 


and the whole coefficient of C is =0: and we have thus the required result 


Qey + Qya + Qag = 0. 


The syzygy is thus obtained in a more perfect form than in No. 59; viz. by con- 
sidering (instead of 0°a8) the new form Qg, then, instead of a sum which is a linear 


function of the coordinates (#, y, 2), we obtain a sum =Q. 


? 


20-—2 
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The Fixed Curve a Oubic—Syzygy and Conversion. Art. Nos. 84 and 85. 


84. In the case when the fixed curve is a cubic (see Nos. 58 and 64), the analogous 
formule are 


eG) ox, O08 + 12081 as 
$2.(0; 1, 2; 3)=— a > = 012 — 755 012 (see No. 49), 


that is, 
40 O12 7128 


where 1, 2 are the parametric points: 3 any other point on the cubic: the brackets 
{ } are of course here necessary in order to distinguish {012} from the determinant 
012. It will be remembered that {012} is an alternate function 


{012}, =— {102}, = {120}, &. 


If instead of 1, 2 we take the parametric points to be a, 8, coordinates (a, Ya, Za) 
and (æg, Ye, Zg) respectively, then the formula is 


Que = Q(0; a, B; 3) = [0aB} — {348}. 
Hence taking on the cubic a new point y, coordinates (æ, yy, zy) and forming the 
functions Qs, and Qya we have 
Qey + Qa + Qag = {087} + {Oya} + {008} 
— {387} — {3ya} — {38}. 
But by the formula No. 58, 
(OBy} + {Oya} + {008} = {a8y} ; 


hence also 
(3By} + {3ya} + {348} = [aBy} : 


Qey + Va + Qag = 9, 


and we have thus 


the syzygy for the cubic. 


85. For the conversion, the definition of H is 

Hf (030 1,):25) 8, (6) Sep Qs 1, /2;.-8) 

PBB, +0;Q(1; 3, 2; 6), 
viz. this is 
H,(1)=H(O; 1, 2; 3, 6) =0, ({012} — {123}) - 
+, ({182} — {326}), 
=0, {012} — (0, +0,) {123} —0, {326}, 
which, in virtue of (0,+ 0, +0) {123}=0 (see No. 63), becomes 


H, (1) =0, {012} + 0, {123} — a, {326}. 
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Interchanging the 0 and 1, we thence have 
H, (0) = d, {102} + 0, {023} — ð; {326}. 
Hence the difference H,(1)— H,(0) is 
viz. this is 
= (ð, +09) {012} + 2, ({123} — {230}), 


where the first term is 
= GE {01 2}, 


and the whole therefore is 
= 0, ({123} — {230} — {012}) 
= —0, {301}, 


in virtue of 
{123} — {230} + {301} — {012} =0; 


the whole is consequently =0. 


We have thus 
H (1) — H, (0) =0, 


the conversion-equation in the case of the cubic. 


CHAPTER V. MISCELLANEOUS INVESTIGATIONS. 


The Differential Symbol dw. Art. Nos. 86 and 87.. 


86. The definition is 


tac el dh cian Mt! a 


df df df 
dæ dy dz 
and it hence follows that we have 

dx, dy, dz | 

re A 

do = - ral a 
U a aR a 
A a = fd dy + ae 


where (A, w, v) are arbitrary constants or, if we please, arbitrary functions of (a, y, z): 
viz. the expression just written down is altogether independent of the values of 
à, u, v: and is consequently equal to the value obtained by writing any two of these 
symbols =0, that is, the expression is equal to any one of the foregoing three equal 
values of dw. The expression was first given by Aronhold (1863), in the memoir 


~ presently referred to. 
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It is to be remarked that, considering (A, m, v) as the coordinates of a point, 
the denominator iT +p Sa 7 equated to 0 is the polar (n—1)thic of the point 
`, #, v in regard to the fixed curve. 


If instead of A, p, v we write be’ —b’c, ca'— c'a, ab’ —a’b, where (a, b, c)(a’, b’, e) 
are constants, then the numerator is 


= (ax + by + cz) (a'dæ + b’dy + c'dz) — (a's + b'y + cz) (ada + bdy + cdz), 


or introducing p, o to denote the arbitrary linear functions av+by+cz and a'w +b'y+c'z 
respectively, the numerator is = pdo—odp: moreover, observing that a, b, c and a’, b’, c 
are the differential coefficients of p, o in regard to the coordinates (æ, y, z), the 
denominator is =J (f, p, c); and the value of dw is 


_ pda — odp 
SK pe)’ 


where, in accordance with a previous remark, the denominator equated to 0 is the 
polar (n—1)thic of the intersection of the lines p=0, o=0 in regard to the fixed 
curve. 


dw 


Obviously, by taking for p, o any two of the three PAA x, Y, 2, we reproduce 
the original three forms of do. 


87. The last-mentioned form of dw suggests the expression for this symbol in 
the case where the fixed curve, instead of being a plane curve, is a curve of double 
curvature defined by two equations f=0, g=0 between the four coordinates (x, y, z, w): 
viz. p, « being now arbitrary linear functions 


ax+by+cz+dw, and d«+by+ez2+d'w 


of the four coordinates, the expression is 


__pdo—cdp , 
Tf gp 7) 


and by taking for p, o any two of the four coordinates æ, y, z, w, we have for dw 
six values which must of course be equal to each other; it is easy to verify 
à posteriori that this is so. 


dw 


In the case where the curve of double curvature is not the complete intersection 
of two surfaces, the denominator (regarded as the Jacobian of the curve and of the 
arbitrary planes p, o) will have a definite meaning, but what this is I do not at 
present consider. 


The last-mentioned expression for dw will be applied further on to the case of 
the quadri-quadric curve y+2=1, 2+a?=1. 
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Integral Formule. Art. Nos. 88 to 90. 


88. In what precedes, dw has been used as a single symbol to denote any one 
of the equal differential expressions 


ydz—zdy _zdx-«ædz _«dy—yda. 
origin ioe. 
da dy dz 


there is no quantity œ. The expressions are of the order —(n—3) in the coordinates 
(x, y, z) and since (x, y, z) are as to their absolute magnitudes altogether arbitrary 
(only their ratios being determinate), a symbol such as 


ie = f de, a a 
dy 


would, except in the case n=3, be altogether meaningless. In fact, the integral 
would be 


| 2d (2) | 
mae) Ime. 5 


where - is, by the equation of the fixed curve, given as a function of Z; but the 


‘other factor z°-* is an absolutely indeterminate variable value, and the expression is 
meaningless. 


But we have integrals | Qdw, where Q is a homogeneous function of the order 


n—3 in the coordinates (æ, y, z); and, in particular, we have such integrals where 
(corresponding to the forms which present themselves in the differential pure and 
affected theorems respectively) Q is either a rational and integral function (w, y, z)”-%, 
or a rational and integral function (æ, y, z} divided by a linear function (a, y, z}: 
for in every such case, the form of integral is 


al) 
Fea 


where = is a given function of t, and the factor of a(¥) is thus a mere function 


of z, More definitely, in the integrals | Qdw which are considered, @ is either a 


minor function (a, y, z}, or it is the quotient of a major function (a, y, Zh” by 
the linear function 012. 
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In the case n=2, there is no rational and integral function (æ, y, z)”~*, but the 
function may be of the form belonging to the affected theorem, viz. it is unity divided by 
a linear function (æ, y, 2}; or say the integral is | ar aera 
connected by a quadric equation (a,...§a, y, z)=90: it will be shown presently that 
this integral is obtainable as a logarithmic function. 


where the (a, y, z) are 


In the case »=3, we have the rational and integral function (a, y, 2}, =a 
constant, or say =1, so that there is here an integral | dw: we do not call this o, 
but introducing a new letter, say u, and fixing at pleasure the inferior limit of the 


integral, we write u= | dw. 


89. In the foregoing form | Qdo, so long as we retain the symbol dw, there is 


nothing to show what is the variable in regard to which the integration is to be per- 
formed ; we may, for instance, writing 


> 


make it to be é or in like manner to be any other of the six quotients. We thus 


cannot attribute a value to the inferior or superior limit of such an integral, but we 
may take the limits to be each of them a point on the fixed curve: for instance, 


1 
if 1, 0 be points on the fixed curve, then the integral | Qdw means the integral 
0 


taken from the value at the point 0 to the value at the point 1 of the variable 
in regard to which the integration is performed; or when there is no expressed 
superior limit, then the integral is to be taken from the value for the expressed or 
known inferior limit to the value at the current point (æ, y, z) of the variable in 
regard to which the integration is performed. The actual value of the integral will 
of course depend upon the path of the variable; but this is a question which is not 
here entered upon. 


If using Cartesian Coordinates x, y, we write for instance 


_ dx Qda 
dw = df $ then df 
dy dy 


will denote an integral | ġædæ in regard to the variable æ, and the inferior and 

superior limits will be as usual values of æ; or if there is no expressed superior 

limit, then the integral | ġxdæ will be the integral taken from the inferior limit æ, to 
0 


the current value æ. 
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We may, if we please, consider the coordinates (æ, y, z) as depending upon a 
parameter +, viz. the ratios æ : y :z may be regarded as given functions of s, and 


the integral | Qdw, is then an integral | Ods, which taken from a constant inferior 


limit up to the value s, belonging to a given point 1 of the curve, is a given 
function of s, or say of the point 1. But except in the case of the cubic (or 
generally if p=1), we do not have the coordinates actually given as known functions 
of a parameter a (say they are potentially known functions of a) and it is further 
to be noticed the functions which present themselves are functions not of a single 
point, but of p or more points: thus in the case of the quartic, n= 4, p=3; we have 


1 1 1 
| a dw, | y do, | zdw, each standing for a given function of the parameter s, but these 


integrals do not present themselves singly, but in combinations such as 


(fafief af hed, y dw, z dæ), 


say these sums of integrals are u, v, w: each of the functions u, v, w is a potentially 
known function of the parameters 4, #2, 8s, #; which belong to the points 1, 2, 3, & 
respectively, and is consequently regarded as a given function of these four points. 


90. Consider as before, in the case of a cubic curve, the integral u = | do : 


it will presently be seen that for the general curve as given by a cubic equation 
J=9 of any form whatever, we arrive at a form of elliptic function: but the ordinary 
elliptic functions sn, cn, dn connect themselves most readily with the cubic curve 
y =g.l—xæ.1— ke. We have here 

Fda dda 


d Ses) a a e e a rane J 
h y Væ. 1— a.l kx 


or, in the equation u= | dw, taking the inferior limit to be 0, say 


VEN DAA 4 dx 
Ve.l—2.1—ka 


an equation which determines u as a function of æ, or conversely, æ as a function 
of u. We might thence, by means of Abels theorem ‘as applied to the curve in 
question, investigate the properties of the function æ=) (u) thus arising, and so establish 
the theory of elliptic functions: but it is more convenient, treating the elliptic 
functions as known functions, to write for Au its value; viz. to take for æ as given 
by this equation, the value w=sn?w: we thence have y=snucnudnw; viz. these 
values #=sn?u, y=snucnudnu, satisfy the equation y7=a#.1—a.1—k*« of the curve, 


and give, moreover, PE NEN tio : and we can with these values, and the formule for 


elliptic functions, verify any results given by Abel’s theorem. This will be done in 
considerable detail: but at present I wish only to remark that the formule give the 
coordinates æ, y of a point on the cubic curve expressed as one-valued functions of 


©. XT. ; 21 
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a parameter or argument u: but that this argument u is not a one-valued function of 
the coordinate æ, or even of the coordinates æ, y of the given point on the curve: 
say the argument u has not a unique value for a given point (æ, y) of the curve. 
There are, in fact, an infinity of values u= u+ 2mK + 2m'iK’, where m, m are any 
positive or negative integers: that this is so, depends on the multiplicity of values, 
according to the different paths of the variable, of the integral 


i 4 dæ Ma 
| eS 


or, regarding the elliptic functions as known functions, it depends upon the double 
periódicity of these functions. 


Aronhold’s Quadric Integral. Art. Nos. 91 to 93. 


91. I reproduce the investigation contained in Aronhold’s paper “Ueber eine neue 
algebraische Behandlungsweise u.s.w.,” Crelle, t. LXI. (1863), pp. 95—145. We take f the 
general quadric function (a, b, c, f, g, h¥a, y, 2?; aw+ßBy+yz an arbitrary linear 

dw 
an + By + yz 
algebraic function of (æ, y, z); viz. taking (E, », €) for the coordinates of either of 
the points of intersection of the line as + By+yz=0 with the quadric (a,...§ a, y, z} =0, 
and writing also 


0 = — (be— f?, ca—g', ab— I, gh — af, hf— bg, fy — chha, B, vy, 


then the theorem is 


function of æ, y, z: the theorem. is = differential of logarithm of an 


EE NR PE hes LI, 
ax + Byty Q ` ax + By + yz í 


or, what is the same thing, 


[ dw 1 (a, aie OD, Y, 2u€, N, 4) 


: eaan Skeet + const. 

It is to be observed, in reference to this equation, that the two sides respectively 
are in regard to (a, 8, y) homogeneous functions of the degree —1, and in regard to 
(É, n, €) homogeneous of the degree 0; viz. on the right-hand side the effect of a 
change in the absolute magnitudes of £, », ¢ say the change into ké, kn, kf, is merely 
to change by log k% the constant of integration. 


It is to be remarked also that the equation (a, ... YE, n, fx, y, z)=0 represents the 
tangent to the conic at the point (E, , ¢) of intersection with the line av + By +yz=0; 
calling the linear function in question T, the value of the integral is 5 bog. eet 
if (&, m, &), (E, m, &) are the coordinates of the two points of intersection respectively, 
then in passing from one of these to the other we change the sign of the radical Q, 
1 T, 


and the two values thus are PeR Mi N 
Q ax + By +yz 


log - ps and — & log These must 


1 
aa + By +yz 
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. : Š TE i r 
differ by a constant only; viz we should have log (aut By +98) =a const. And, in 


fact, T, and T, being the tangents to the conic f at its intersections with the line 
ax+By+yz=0, we have it is clear f=A7,T,+p(av+By+yz2), that is, (x, y, 2) 


tae 


Gat By + 98) =a constant, which is 
ax 


referring to a point of the conic f=0, we have 
right. 


92. We require the coordinates (É, 7, ¢) of an intersection: these are determined 
by the equations a£ + Bn + yf=0, (a,...0& n, ©? =0, or as these may be written 


af + By +7f=0, 
(ag + hy + gS) E+ (hE +n + FO) + (G6 +fn+ 0b) F=0; 
We have thence é, N, C proportional to the determinants 
ağ+hn+gt, hg+bn+fe gE+ into |, 
Ne Bains y | 


say these determinants are QE, On, OF, where Q is a value as yet undetermined. The 
equations are y (hE + bn +/t)— 8 (gé +fn + ct)—QE=0, &e., viz. these are 


(yh - Bg- E+(yb -Bf )n+(yf-Be )o=0 
(ag -ya )E+(af—yh—-Q)n+(ac-yg )F=0 
(Ba—ah  )&+(Bh—ab )n+(Bg-af —2)F=9; 


eliminating (E, 7, €), we have an equation which may be written 


E o Bie? =0, 
A O Oil! 
Y- id j B : Ce P= KO) 


that is, i 
A, B, 0 |—Q(BO"—B’'O'+0"A-CA" + AB —A'B) + ONA B’+C”)-=0. 
a TRO Gt 
a OF 


We find very easily that the determinant and A+B’+C” are cach =0; and the 
equation thus reduces itself to 


Q%= BO" — B’0’ + 0”A— OA" ABe AB, 
or substituting for A, B, &c., their values, 
0? =—(be—f?,... Ya, B, YY; 


this being so, the ratios of £, , § are determined by means of any two of the foregoing 


linear equations. 
| 21—2 
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93. We may now verify the theorem; in the general expression for dw writing 
for A, u, v the values é, n, & the equation to be verified becomes 


| av, dy, az 
“, yY, 2 Has | (lo BE n, C0da, dy, T ae ipi tyi) 
AAS gs B TA ala A, “th A OANE 9,° EA a, A) ax + By +yz |’ 
(ax + By + y2) (a,... æ, y, 208, n, £) 
viz. this is 
Q | dx, dy, dz \=(a,...V& mn, Edo, dy, dz). (ax + By + yz) 
w BANA — (a, ... YE, n, ÝL, y, z). (ade + Bdy + ydz). 
N. eia 
Here, on the right-hand side, the coefficient of dæ is 
(a£ + hy + gf) (ax + By + y2) 
—a {(a& + hn + g6) æ + (hE + bn + fo) y +(9& + fn + cf) 2}, 
which is 


= y {B (ak + hn + gt) — a (hE + bn + fE) 
— z {a (gE + fn + c) — y (a£ + hn + 9)}, 

=y. OF — 2.0m, 

=Q (yf—2n), 


which is right; and similarly, the coefficients of dy and dz have the same values on 
the two sides of the equation respectively. 


Aronhold’s Quadric Integral deduced from the Affected Theorem. Art. Nos. 94 to 98. 


94. Let the fixed curve be a conic, say f=4(a, b, c, f, g; ha, y, z}, =0: and 
let the variable curve be a line meeting the conic in the points 3 and 4. The 


affected theorem is 
12dw 6134 62384 


= O12 =~ 134 + 934° 


where (2, Yı, %) and (a, Y2, 2) being the coordinates of the points 1 and 2 respectively, 
12 denotes the constant (a,...Qa, Yi, ÝL, Yo, 2): and 012, &c., denote determinants 
as usual. 


The left-hand side is here 
dw, dw.) | 
a m at 


on the right-hand side, 6 refers to the variation of the constants of ¢, that is, to 
the variations of the points 3 and 4; or we may write 6=d,;+d,; the points 3, 4 
are independent, and the equation, being satisfied at all, must be satisfied separately 
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in regard to the variations of 3, and in regard to the variations of 4: we must 


therefore have 
dw,  d,134  d;234 


sig” * 154 234 ’ 


and the like equation obtained herefrom by the interchange of the numbers 3 and 4. 


12—— 


95. The equation just written down relates to any four points 1, 2, 3, 4 of the 
conic; and if for 3, 4 we write 0, 3 respectively, it becomes 
dw d.0381 4.023 


12 19-031 + 023 ” 


which relates to the points 0, 1, 2,3 of the conic: writing, as before, 023, 031, 012 = p, ©, 7, 
this equation is 


19% __ do , dp 


T o pis 


which may be verified as follows: the equation of the conic is f= 23.07+31.tp+12.pc, =0: 


we have deet Sop, where o = 23.0 + 3lp, NA gee that is, diate (- Zaa, 
A T T FESP 
the equation in TARG 
96. We have, as a property of any four points 0, 1, 2, 3 of a conic, 
23 — 01 Hed Zan Lis OL MA 230 0l, 
123. 023 012.081’ iio a Awe F 
hence considering 0 as a variable point, and differentiating the logarithms, 
E ai 
and the foregoing equation 12 we ae thus becomes 12 te — dlog™, or 
restoring for r its value 012, 
dw 01 
pin eae LES 


Taking now pict = for the equation of the line, 012; this meets the conic 
in the points 1, 2, coordinates (a, Yı, 21) and (a, Yz, 2) respectively: and we have 


a, 8; Y = Yiz — Yali, Zila — Zoli, Loyi — Y2, 
LAE e n) 415 Ala Yas 2a); 
and from this last value 


19% = {(a, 0 Qa, Yis 2a; Yo) 2)? — (a, 20 QA, Yis 2). (a, sis Ma, Yr; 2)" 
(the second term being of course =0), viz. this is 


12? =—(be -f <- YZ — Yorr, Zylo — Zoli, Ly Yo — LA) 
=-—(be- f’, Qa, B; yy, 
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or say 12 =-— Q, if Q? =-— (be — f°, ... a, B, yF as before: and the equation thus is 
Oda LN ag VX, Yay AO, Y, 2) 
as + By + yz as + By +yz 


or finally, writing (E, n, €) instead of (a, Yı, 21) to denote the coordinates of one or 
other of the intersections of the line as + By+yz=0 with the conic, the equation 


becomes 
Ode =dlo (a, .. UE, N, Che, Y, z) 


an + By +yz 8 an + By + yz 
which is Aronhold’s quadric integral. 
97. (The foregoing property, which may also be written 


Baa a 3 
023.123- 201.301’ 
is verified very simply in the case of four points 0, 1, 2, 3 of a circle: in fact 
23 = %8 + YY — 1, =cos 23 — 1, =— 2 sin? 4 23, 
023 = 2 sin 4 23 sin 4 30 sin 4 02; 
and so for the other like expressions; each side of the equation is thus reduced to 
1 + sin 4 02 sin 4 03 sin 4 12 sin 4 13.) 
98. In particular, if the conic is taken to be the circle æ? +4?—1=0, then for 
the coordinates B 3 of the intersections with the line ag + By + y= 0, we have 
QF + yn +8 =0, 
yë — Qn +a =0, 
BE — an + Q= 0, 
giving Q? = a? + @+ y; and then 
E E a a a a a BO 
=— a8- : -y : By+aQ 
= ay+BQ: By—al: -æ — P* 
The formula then becomes 
| da 1 éa +n l-a- E 
mmm E — og r eee = 
(av+RBV1—att+y)V1—-a@ Vei+ Bw az + BNI- æy 


or, retaining Q, y for the values y o and V1 — æ, this may also be written 


og Tee But) h ae 

aw + By + 
The form of the integral is still such that the value is not very readily obtainable 
by ordinary methods: the value just written down can of course be verified, but the 
verification is scarcely easier than for the original more general form. 
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In the very particular case a=0, 8=0, y=1, we have Q =i; &€:9:6=1:-7:0, 
and the formula becomes 
[7-3 log (æ — ty): 
VI—a + i 
viz. this is 
sin @= fort log (a — i V1 — 2), 


which is right; for putting sinw=u, and therefore œ = sin u, the equation becomes 
i (u—$r)= log (sin u— i cosu): that is, cos (u — $r) + isin (u —$7)=sin u — i cos u. 


Fixed Curve a Cubic: the Parametric Points 1, 2 consecutive points on the Curve. 
Art. Nos. 99 to 106. 
1?2.. 023 — 12. 013 


99. The major function (Œ, y, 2). is taken to be =: 193°C «8 that, 


calling the differential Qdw, we have 
ra 172 . 023 — 12 . 013 | 
ig 123.012 4 


it is required to find what this becomes when 1, 2 are consecutive points on the 
curve, or what is the same thing when the line 012 is a tangent at the point 1. 


I take for convenience the cubic to be f, =4(æ+4° +2), =0. The coordinates 
of 1 are (a, %, %), those of 2 are (æ+ ôm, y.+6y:, %+62,), or as for shortness I 
write them (m +a, yı +, 2 +y), where a, 8, y are considered as infinitesimals of the 
first order: this being so, the denominator of Q is at once seen to be of the second 
order; it will appear that the numerator is of the third order; whence Q is of the 
first order. 


100. We have 


do -42224 _ 72de — adz _ sdy -— y da 


g? y? 22 
and in analogy herewith we may write 


5 WY — AB _ mAa— “yy _ &B— Ye, 
OAR EAD ed), wees. HT aaa ere 
Dı Yi 2 


this being so, we have 


012=| 2, y, z |= (æm? + yy? + 22°) ðo = 01. ĉo, 


w YW A 
AREA. Ai a 
and similarly 312 =31°. de. 
Moreover 
023=| æ, y, z |+| æ, y, 2 |=013 + 0613, 
HY % a, B, ¥ 
Ly Ys h Ws, Ys, 2 
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as the second term may be written; moreover 
P2=a (æ +a) +y (hn +8) +z (aty), = aw? + Bye + yz, 
12 =a (m +a Hy (+BY +a (ayè, = 2 (am? + Byè + yz?) + aa, + Bh +7, 
and hence 
1°2 . 023 — 12? , 013 = (am? + By +yz?) (013 +0ô13) 
— [2 (ax? + By? + ya”) + (a, + By +721)! 013 
=— [(ax? + By? +yz?) + (ata, + By +y2)]013 


' + (ax? + By,?+ yz’). 0613, 
or reducing by 


3 (am? + By, + yz?) +3 (ata + Bey + yz) + (a? + B® +4) =0, 
=+4(a + 8 +9) 013 — (ax, + By, + yz) 0813, 
which is of the third order. 


this is 


101. We may show that each of the terms contains the factor (8w,)': we have, 
in fact, 


9 i ee ey ai 
Y2 (ðw) aß g a — By ba + ya E 


a we Dry St hi 
4, (8w)! = By 2, B — ya 22 + a8 afc 
ay, (w) = ya 5 meg rg t Fi 
hence, first multiplying by a, 8, y and adding, we have 
(44,2, + Pzt + yay) (Sw) = By (By? + yz?) + one (yz? + ax?) + s (ax? + By’) 
nA Z TY 


a? ye z? ) 
=g += e 
By & a 4X AY 


—(@+ 8+ 9). 
But in virtue of aw? + By,2+2°=0, the first line becomes = the second line, or the 
two together are 
= = apy (2 TA RM a5), 
Yi2%, 2%, á AYA 

which is =0 in virtue of æ+ y? +2°=0; hence the equation is 

(ay, 2, + pzm + yay) (S@,)?= = (a+ Btr) 
the required expression for the first term. 

102. Again, multiplying by 2, yı, 2%, and adding, we have 


Bar, Yr.2 (ĉo) = Py (ys? +2 — ay°) + aia (2) +e — y?) + Mo! (a3 + y? — 2°) — (œz + By, + yA), 
ay AX, à HY 


Yı 
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where, in virtue of m? + y? +2? =0, the first line is 
2 
= — ——— (Bynt + yayt + aßz t), 
ET, yay’ + yayi + apz*) 


and this again is = — 2 (œx, + B'%,+9°4,): in fact, we have identically 


MYA (a2, aT By, T 9°21) = (am? + By? +yz?) (a2 + Bza + yay) 
— (Bye, + yayı + 484%) (ee +y? + 2°) 
+ (Bya,' + yayıt + a8z,"*), 


which, in virtue of am? + By? + y2? = 0, and 3+ y+2,=0, becomes 
myz (07H, + By, +y) = (Bynt + yayıt + aBz,'). 


Hence the equation is 
30,912, (w) = — 3 (aa, + By, + Y2), 
or finally 
hz (Sw)? = — (aa, + By + yz), 


the required expression for the second term. 
103. Writing for shortness 
AY12, + Bza + Ya, = Ò (4,441), 
12 . 023 — 12? . 013 = {— 48 (x14121) 013 + m4121 . 0813} (6a,)?, 
and hence dividing by 


we have 


012.123, =01?. 312. (8w), 
we have 
Q= 122 . 023 — 122 . 013 pi —18 (a, Yı, 21). 013 + %12 . 0813 
012.123 01.31? , 


But this can be further reduced: the numerator, multiplied by 3, is 


= — (44,2, + B20, + yay) oo YY, 2 UIAA | 7, Y, 2 I, 


my, YW, 2 a. Wes y 
X3, Ys, Z3 Z3, Ys, Z3 
which is 
= x ; y 3 z 6a, 
8 W 
a (yè — 2’), Yı (2° — m’) 2 (a3 =e Yy ) 
Xs , Yz , as 


where œ (y? — 2°), y, (2° — x), 21 (@?— y?) are the coordinates of the tangential of the 
point 1 in regard to the cubic, viz. the point of intersection of the tangent at 1 
with the cubic. The determinant may for shortness be called 0¢13; and we thus have 


12 .023—12°.013 _ 48, 0#13 


Q= E EE A T A I 


where observe that 0l?=0 is the equation of the tangent at the point 0: and 
0t13=0 is the equation of the line joining the tangential of 1 with the arbitrary 
point 3. 

C. XII. 22 
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104. The identity just referred to is proved very easily. Comparing on each side 
the coefficient of yz,—y,2z, the factor æ, divides out and we ought to have 


(ay, 2 a Baa, + yty) Se BY1 2% = (y Ri 2°) 8a, 
that is, 


(Y? = 2°) $a, = 2ay, 2 bi Baa, — YY: 
and, in fact, from yw, = 2,4 — my, 2,°do, = 7,8 — ya, we have 
(yè — z?) 80, = ys (414 — my) — % (mB — ya), 


which is the value in question, Similarly the coefficients of za,—z2,0, vy;—%,y are 
equal on the two sides; and the equation is thus verified. 


105. The proof has been given in regard to the particular cubic a+ y: +2=0; 
but it might have been given for the canonical form æ+ y°+2°+6layz=0: and from 
the invariantive form it is clear that the result in fact applies to any cubic whatever. 
The result is an important one: we see by it that when the points 1 and 2 are 
consecutive points on the curve we must, in place of the differential Qdw, which is 
0t13 
01? 
represents the tangent at the point 1, and the numerator the line joining the tangential 
of this point with the point 3. 


evanescent, consider a new form 5@,, where, as already remarked, the denominator 


106. We have 
{023} + {031} + {012} = {123}, 


or writing this in the form 
{012} — {312} + {023} — {013} =0, 
suppose 2 is here the consecutive point 1+ ôl; then 


1°2 . 023 — 127.0138 
(013) = ET eee wae 
becomes = {013} w: we have also 
{023} = {013} +2, {C13} du,, 
and the result is 
— {0413} +2, 013 =0, 


that is, 0, {013} = {0¢13}. The form in the case of the cubic æ+ y° +2 + 6layz=0, is = 


& r y $ 2 - 
—|% (ye m 22); Yı (2; —— &,*), Ay (a? T Y?) 
Ls ? Ys , 23 


, 


3 (mPa + YPY + 2;°2)(@,? x, 5 Y? Ys + 2° 2a) 


ie. the differential coefficient of {013} in regard to the parametric point 1 is = {0¢13}, 
the symbol for the case where the parametric line is the tangent at 1. 
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Fixed Curve a Cubic: the Parametric Points corresponding points. Art. Nos. 107 to 110. 


107. The parametric points 1, 2 are taken to be corresponding points, that is, 
such that the tangents at these points meet at a point, say 3, on the cubic. We 
may from 3 draw two other tangents, touching the cubic, say at the points 1’ and 2’. 
The four points 1, 2, 1’, 2’ are then such that the lines 12, 1’2’ meet in a point, 
say 4, of the cubic; and moreover 3, 4 are corresponding points. 


We may take (a, y, z), =(1, 0, 0), (0, 1, 0), (0, 0, 1) for the coordinates of the 
points 1, 2, 3 respectively: «=0, y=0 are thus the equations of the lines 32, 31 
respectively, and z=0 is the equation of the line 12, viz. we have z=012. Taking 
2—M,y=0, «—M,y=0, for the equations of the tangents 31’, 32’ respectively, and £=0 
for the equation of the line 1/2’ joining their points of contact, where ¢ is a properly 
determined linear function of (æ, y, z), it is to be shown that the differential Qdw 
may be taken to be we, and that this is =} (7-4): the affected theorem thus 


assumes a special form, which will be noticed. 


108. The cubic passes through the points (e=0, z=0) and (y=0, z=0), the 
tangents at these points being «=0, and y=0 respectively: also through the point 
æ=0, y=0: its equation thus is 


J, = gex + 2lzxy + izy + hay + key, =0, 
and writing 


_ady—ydax 
dw = J —, 
dz 
we have 
i =2 (gzæ + læy + izy), 


which, from the equation of the curve written in the form 


z (gzæ + ley + izy) + æy (hæ + ky + lz) = 0, 


or say 
z (gzæ + lay + izy) + xyf = 0, 
becomes 
_ —2ays, 
= 


and we thus have ae 
a ee ts Sh Goch) T 
do = "(a dy — y da), ilr A 
where ¢=hæ + ky+lz. To find the meaning of ¢, observe that the line «—My=0 
meets the curve in the point (æ =0, y=0), and in two other points determined by the 
equation 
2 (gm + 1%) + 2zylM + y? (hM?+kM)=0; 
this line will be a tangent if 
(gM +7)(AM +k) -?PM=0, 
22—2 


www.rcin.org.pl 


172 A MEMOIR ON THE ABELIAN AND THETA FUNCTIONS. [825 


and we then have at the point of contact (AM+k)y+lz=0; and writing this in the 
form ha+ky+lz=0, we see that the equation ¢=0 is satisfied at the point of con- 
tact of each of the two tangents «—M,y=0, «— M,y=0; viz. €=0 is the equation 
of the line joining the two points of contact. Moreover, from the equation of the 
curve written in the foregoing form 


z (gzæ + ley +izy) + yf = 0, 


it appears that the lines z=0, €=0, meet on the curve; or, what is the same thing, 
that the line = 0 passes through the residue of the parametric points 1, 2. 


109. The function € at 1 becomes =h, and this is the value of 3.122; in fact, 


d d d 
3. r2- (ng tog tade] (@ Yo 4)=(0, 1, 0), 


= 22, a, ~ 16; In ha?+2ka, yp, (a, Yis B (i, 0, 0), 
=i, 


We have thus ¢, satisfying the required conditions for the major function: and the 


differential Qdw may therefore be taken to be = : dw, that is, we have 


_, (da dy 
Wont): 
The affected theorem thus becomes 


110. The meaning of this will be better understood from the integral form. 
Integrating each side, and assuming that the superior limits are given by a line @¢ 
which cuts the cubic in the points 4, 5, 6, and the inferior limits by a line ẹ which 
cuts the cubic in the points 7, 8, 9, we find 


UL Xe ps log YaYs Ys m 2 log ds vr 


lo > 
8 Lr Lg Ly Yz Ys Ya pa hı 


that is, 
HX sXe Y7 Ys Ya lg (E) 
U7 XgXy Ya Ys Yo od: i 


where ¢,, Wi, $2, We denote the values of the linear functions ¢, yw at the points 
1 and 2 respectively. We have a cubic cut by the lines ¢, y, æ, y in the points 
4, 5,6; 7, 8,9; 2, 2’, 3 and 1, 1’, 3 respectively: where for the moment 1’, 2’ are 
written to denote the points on the curve consecutive to 1 and 2 respectively. Hence, 
by a known theorem in transversals, 
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that is, 
LaL Le Yr Ys Ya a Vis . PoPy Ps 
7 HgXy Ya Ys Yo Pray Ws. pi hy ps y 


which, dividing out the sys, and writing 1, 2 in place of 1’, 2’, becomes 


($8) 


agreeing with the result just obtained. 


Aronhold’s Cubic Transformation. Art. Nos. 111 to 119. 


111. This was obtained in the paper “Algebraische Reduction des Integrals 
f F(a, y)dæ, u.s. w., Berl. Monatsb., April, 1861, pp. 462—468. I give in the first place 


the analytical results, independently of the general theory, with the values for the 
canonical form f, =4 (æ +4? + 2+ 6læyz), = 0, of the cubic. 


T sextic invariant, = 1 — 20} — 8%, 

X quartic ,, (Aronhold’s) = — 4 (l — l), 

R discriminant = (1 + 8/), 

P = 3k A = {— 30a? + (1 +20) By} æ+ &c., 
Q = fet = (a? + 2By) «+ &e., 

B = fao = (a? + 2lbc) æ + &c., 

C = fad? = a (æ? + Qlyz) + &e., 

D= f = æ + Y? + 2+ 6layz, 


where a, b, c=a(@ — y), B (yY -— a), y (œ — p°). 


Then we have 
2T Q + 6SPQ + SPQ = — RË (60? — 8BD), 


viz. this equation, where each side is a quartic function (a, y, 2)‘, is an identity when 
(a, B, y) are connected by the equation, fa’, =a’ + B +y? + 6laBy, =0; and further, 


QdP — PdQ=— FÈ {a (y dz — z dy) +b (z dæ — æ dz) +c (a dy —yda)}. 


Hence writing 
_6hæ0 _2P_ 2 ({— 30’? + (1 +27) By; v+ &e.) 


~ fæl’? ~ OO. trae (a? + 2Bry) a+ &e. i 


we have’ 


Q (a? — 39 — 2T) = RË (60? — 8BD), 


and 
Q dà, =2 (Q dP — P dQ) =-— 2R? {a (y dz — z dy) + &c.}, 
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112. Supposing now that (æ, y, z) are the coordinates of a point on the cubic, 
then D=0; and taking the square root of each side of the first equation, we may write 


NVX- BSA — 27 =-— R? V6.0, 


QAN = — 2Rè {a (y dz — zdy) + &c.}. 
We have 
do = 422 dy _ 2de- edz _ 2 dy -y da 
æ + 2lyz y+ 2lzeer 2+2ley ’ 
whence yd ek 
_a(ydz—zdy GA 
Cl fs re A 


and we consequently have 
IRF Visi a 
VA — 3Sa 2T V6" 
or, as this may also be written, 
dn 1 


— aa <= == ay) , 
VAn 12SX—87 Ve C 


which, if 12S, 8T are put =g», gs respectively, takes the Weierstrassian form 


dA 1 
-e a O. 
VAN tam Jor Te Js V6 
The conclusion is that for the cubic curve, taking A a quotient of two linear functions 
of (a, y, 2), the differential dw is transformed into dX + square root of a cubic function 
of à: viz. we have thus a form of differential, not the same, but such as that which 
belongs to the ordinary theory of elliptic functions, and which has been adopted by 
Weierstrass as a canonical form. 


113. The transformation depends on the arbitrary point (a, 8, y) of the cubic: 
the point (a, b, c) is the tangential of this point, viz. the point of intersection of the 
tangent at (a, 8, y) with the cubic: we can from (a, b, c) draw four tangents to the 
cubic, viz. the tangent at (a, 8, y) and three other tangents: the equations of the 
four tangents being lie A 

Q 40 Fa * 


roots of the equation X — 38S) — 2T =0. 


= 0, M, As, As respectively; where M, `s Às are the 


Suppose for a moment that (a, 8, y) is a point not on the cubic curve, and 
write A =@ + 6? +9°+ 6laßy. We have 


A?D? + 4AC* + 4BD — 380? — 6ABOD =0, 


for the equation of the six tangents which can be drawn from the point (a, 8, y) 
to the cubic: when (a, 8, y) is on the cubic, A=0, and the equation becomes 
(4BD —3C*)=0, where B=0 is the equation of the tangent at the point (a, 8, y): 
throwing out the factor B», we have 4BD-—3C?=0 for the equation of the four 
tangents from (a, 8, y) to the curve; viz. the equation of the four tangents is 


270 + 6SPQ? + 8P°Q = 0, 
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or, as this may be written, 
Q (2P — MQ) (2P — MQ) (2P — Q) = 0, 
viz. the equations of the four tangents are as is mentioned above; it was, in fact, by 
these geometrical considerations that Aronhold obtained his results. 
114. The foregoing expression for dP — P dQ, say 
QdP — P dR = (1+ 8P) {a (y dz — z dy) +b (z dæ — æ dz) + c (a dy — y dx), 

may be verified without difficulty. Writing for a moment 

QdP—PdQ= (As+ By + Cz) (Idx + Mdy + Ndz) 

— (Ada + Bdy + Cdz) (Læ + My + Nz) 


= (BN —CM)(ydz-— z dy) — &c. ; 
we have 
BN-CM=  |— 318? + (1 + 2%) ya! (y + 2lap) 


— {— 3y? + (1 + 28) aß} (8° + 2lya) 
= — 6)aB* + (1 + 21?) ay? + blag? — (1 + 26) ap, 
= = (1+ 8P) a(B*— 9) 
= —(148))a, 
which proves the theorem. 
115. I content myself with a partial verification of the identity 
2T + 6SPQ — 8P?Q = — (1 + 8LF (60? — 8BD). 
Writing herein x, y, z=1, — 1, 0, we have D=0, and the’ equation becomes 


27 + 6SPQ? — 8P°Q + 6 (1+ 8 C2 = 0, 

where now 

Q = (a — B)(a + B — 2ly), P=(a— B) {[-3P (a+ 8)—(1 + 20) yf, 

C=a+b—2lce, = (a— 8) |- aß- vB — y — 2ly (a + aß + A), 
which, putting therein — y? = a? + B + 6laBy, becomes 

= (a = BY (a + B — 2ly). 
Hence writing 
X=a+B-2ly, Y=-3?(a+8)—-(142?) y, 

we have 


Q, P, C=(a—8)X, (a-—B)Y, (a—pyxX: 
substituting these values, the factor (a — 8) X divides out, and the equation becomes — 
27X* + 6SX*Y —8Y*+6 (1+ 8PP(a—Py X= 0. 
To complete the verification, observe that we have Y +3ĽX =—(1+ 8l) y, whence 
— V2 = (1 + 8B) y + 9 (1+ 8P} Py? X +27 (1+ 80) l'y X? + 276X: 


www.rcin.org.pl 


176 A MEMOIR ON THE ABELIAN AND THETA FUNCTIONS. [825 


and herein — y’ = œ + B+ 6laBy, whence 


—y+aBX = (a + B$= (X + Bly) = X? + 6ly X? + 12y? X + 8l, 
that is, 
— (1+ 82) y = X* + 6ly X? + (120%? — 3af) X. 
Hence the equation to be verified becomes 
27X* + 6SX*Y —8 (1 + 8LF [X"+ 6lyX + (120? — 348) X] 
— (1 + 828)? 90 yp X 
— (1 + 8%) 27l'y X? 
— 276X 
+6(1 + 8)? (a—py X=0; 
viz. throwing out the factor X, this is 
{27 — 8 (1 + 8)? + 21675} X? + 6SXY — 48 (1 + 82)? ly X + 216 (1 + 8%) by X 
— (1 + 82 {96y — 24a8 — 72? — 6 (a — BY} = 0, 
where the last term is . 
= +6 (1+ SIY (a+ 8) — 40, 
viz. this is 
= 6 (1+ 82 (a+ 8 + 2ly) X, 
and there is again the factor X which can be thrown out: the equation thus becomes 
[27 — 8 (1 + 8) + 21605] X + 6SY — 48 (1 + 81%)? ly + 216 (1 + 87%) lty 
+6(1+ 8/8)? (a+ B + 2ly) = 0. 
This may be written 
[27 —8(1 + 8/8) + 2161] X + 6S [— 3PX — (1 + 81%) y] — 48 (1 + 82) ly 
+ 216 (1 + 88) l'y + 6 (1 + 81° (X + 4dr) = 0, 
or, finally, it is 
[27 — 8 (1 + 8PX + 2167 — 1872S + 6 (1+ 82) ] X 
+[-— 6/7 S— 48 (1 + 82) +2167 + 24 (1 + 8/*)] (1 + 8) ly =0; 


substituting for 7, S their values 1 — 207 — 8/° and — 4l + 4/* respectively, the coefficients 
of X and (1+ 8/*) ly are separately =0, and the equation is thus verified. 


6h 
Jeo’? 
and (æ, y, 2) as current coordinates, is the equation of an arbitrary line through the 
point (a, b, c) of the cubic: it meets the cubic in two other points depending, of 
course, on the value of A; and the coordinates of either of these is thus expressible, 


116. The foregoing equation \= regarding therein as an arbitrary parameter 


irrationally, in terms of `à, the expressions involving the radical VA*—3SA — 2T: from 
the values of æ, y, z in terms of A, we should be able to deduce the foregoing equation 
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2 do a Die EN gars 
v6 VN — 3Sr — 2T 
instead of being an arbitrary point of the cubic, is a point of inflexion of the cubic ; 
and it is easy to see d priori why this is so: in fact, if we assume 


. The expressions assume a peculiarly simple form when (a, 8, y), 


a:y:z2=utaVA:v4+BVA: wt+yVA, 


where u, v, w are linear functions and A a cubic function of à; then the locus is a 
cubic curve, and corresponding to the value X=, we have æ: y: z=a: ßĝ : y, viz. 
the curve passes through the point (a, 8, y): moreover, it can be shown that this 
point is an inflexion of the curve; expressions of the foregoing simple form thus only 
exist in the case where the point (a, 8, y) is an inflexion; and the formule referring 
to an arbitrary point (a, 8, y) of the curve are necessarily of a more complex form. 


117. To work this out, we start from the foregoing equation 


_ Chae) _ 2 ({— Blea? + (1 + 2b) By} s + &e.) 


X= Fee (a+ D2By) @ + &e. 


which, putting therein 
L=r+62?, M=iA—-(1+ 2P), 


A, B, C=Ia?+2MBy, LBE +2Mya, In? + 2Map, 


and 


becomes Aæ + By + Cz=0, the equation of a line through the point 
a, b, c =a(B'—9), B-a), y- e), 


as before: and we have to find the intersections of this line with the cubic 
a + y? + 2+ 6layz = 0. 


We have 
C* (a* + 4°) — (Ax + By} — 61C? (Ax + By) sy =0: 


the cubic function contains as we know the factor bæ-— ay, and in the remaining 
quadric factor it is easy to calculate the coefficients of # and y*: we thus obtain the 
identity 

C* (æ + y’) — (Ax + By) — 610? (Aw + By) wy 


= (bæ — ay) {[(— £ — 6lya) L’ + Gay LM — 862M") a? 
+2H -ay 
+[(—@ — 6laB) L° + 6By LM — 80° M*) 4°}, 
from which the as yet unknown coefficient 2H is to be obtained. This is most easily 
effected by assuming æv, y=a, —; values which give 
æ+ y= p, Ax + By= L(&-— B), beæ—ay=-— aß (¢ -— f): 
the whole equation becomes divisible by a° — 8° and, omitting this factor, we have 
C? — L? (a? — BF + 61C*LaB 
=aP {[2a26? + 6ly (aè + BY] L — 6y (a? + B°) LM + 168M") + a 
C. XII. 
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where for C is to be substituted its value Ly’?+2Ma. We may also reduce by 
a + B® +y + 6laBy=90. The left-hand side is 


C3 — L? (œ + BY — 40888 L? + 610° La, 


which after reduction is found to contain the factor #8; and omitting this factor and 
reducing also the right-hand side, the whole equation becomes 


L? (— bly — 36 ya B + 4228") = L’ (— 6lyt — 36108 + 20°68?) 
+ LM (69 + 24lyaf) + LM (69 + 36ly°48) 
+ LM? (12y’aß + 241228) 
+ M*(8a?8?) + M* (16428?) 
+2HaB ; 


omitting here the terms which destroy each other, the equation again divides by ag 
and we thus obtain the value of H; and the required identity is 


C8 (a + y*) — (Aw + By) — 6107 (Aw + By) ay 
= (ba — ay) {[(— B — 6lya) L + 6ayL2M = SBM”) x 
+[ aBL* — 6l LM + (6y? + 12la8) LM” — 408M") Qery 
+ [( — a — 61By) I? + 6ByL?M — 8a2M*] y’). 


Hence putting for shortness 


A = (a + 61By) L — 6By LM + 822M*, 
B = (E + 6lya) L — GayL?M + 88M., 
$b a@L* — 6ly:L?M + (6%? + 12la8) LM? — 408M», 


the equation in (æ, y) is 

Ba? — 2Hæy + Ay? = 0, 
giving 

Ba-Hy =VH — ABy, 


or say 
æ : y=H+vVh?—-AB : L. 

We find without difficulty, reducing always by a+ 8° + y+ 6laßy= 0, 

4 (° — AB) = ley! I 

+(— ff + Aap? JIM 
+( 6lyt— taby + 4e) LAM? 
+ (— 4lyt + 242?aBy? — 4028?) PM 
+ (— 2y! — 16laßy? + 241026) LPM“ 
Y — 8aBy? — 16l0%6*) LM" 
+ ( — 8a%6*) Ms, 
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which is 
= (IL — M) (I; + 61LM? + 2M*) (L + 2aBMY. 


_ WL-M=1+4 8B, 
L? + 6LLM? + 2M* =(1 + 80) (A? — 389 — 27), 
and the equation thus is 
4 (H° — AB) = (1 + SPP (A? — BSA — 2T) [(y? + Wa) r+ {6ly?— 2(1 + 2%) aß} P, 
showing that the solution involves the radical VX — 360 — 27. 


But we have 


118. If (a, 8, y) is the inflexion (1, —1, 0), the expression for A is here 


— 6Px — 6Py —2(1 + 20) z 


di “+ y —2lz f 


the equation in (æ, y) is 

(L + 8M°) a? + (20% + 241M? — 8M”) ay + (L + 8M*) y =0, 
or, as this may be written, 

(L + 61LM? + 2M*) (a + y} + (— 6LLM? + 6M*) (e — y} = 0, 
D (L + 6ILM + 2M) (æ + y} = 6M (IL- M) (e — y); 
viz. we thus have 

VAa = OT o + y) = MVG (w —y), 
or, substituting for M its value, 
a= 6 {IA — (1 + 26) + VA? — B9A — 2T, 


y = V6 {In — (1 + 2i)} — Va — BSA + 2T, 
whence also oA 
z =V 6 (A + 6È), 


these values satisfying identically 


(r+ 622) (+y) —2[IA— (1 +20) z= 0, 


and 
a + Y? +2 + 6layz = 0. 


119. Starting from these values we, in fact, easily obtain 
—V6 dà 
pee tO 
ste shel Vx — 38d — 2T 
MA +(— 3 — 62) 2 + (— 12 + 121°) A + (— 81 — 9214 — 87)}, 


2 + Qay = — 2 {Do.}, 
and hence 


_ ady—yda _ 4 V6 dx 
Oe aiga | VP aD OT 
The same result might of course have been obtained from the values of æ, z or y, 2, 


the factor which divides out being in each of these cases irrational. 
23—2 
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The Cubic y?=a(1—«#)(1— kæ). Art. Nos. 120 to 130 (several sub-headings). 


120. The curve is a semi-cubical parabola, symmetrical in regard to the axis 
of æ; and if, as usual, Æ is taken to be real, positive and less than 1, then the 
curve consists of an oval, and an infinite portion which may be called the anguis. 


(See Figure.) 


ik’ 


The equation is satisfied by 
ris spt a, 


y=snucn wu dn u. 


Observe that the periods for these combinations of the elliptic functions are 
2K, 2K’; in fact, 
sn (u+2K)=—snwu, sn (u+ 2iK)= snu, 
CIPAR =— cenu, cn 9 =—cnu, 


dn a = dnw, dn z =— dnu, 


whence the sn? and the sn.cn.dn are each unaltered by the change of u into u + 2K 
or u+2iK'. Hence to a given point (æ, y) on the curve, the argument u is not = 
a determinate value t, for it may be equally well taken to be = w + 2mK + 2m%K’, 
where m, m are any positive or negative integers whatever: we express this by u= w, 
or say u.is congruent to w. But when w is thus given by a congruence u= w where 
u has a determinate value, the point on the curve is uniquely determined. It is, 
however, to be noticed that a congruence 2u= ù, does not uniquely determine the 
point on the curve: there are, in fact, four incongruent values of u, viz. 


$to $o + K, buy = i iK’, tuo + K + iK’, 


and the point on the curve is thus one of the four points belonging to these values 


of u respectively. 


121. If, to fix the ideas, we select for each point of the curve one of the con- 
gruent values of the argument, we may assume for the oval, u real: at A, u=0; 
from A to B above the axis u positive and at B, =K; below the axis u negative 
and at B, =— K; there is thus a discontinuity, K, — K at B, but the two values 


are congruent. For the anguis, w=7K’+ real value v: above the axis v positive, viz. 
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at infinity v=0, and at C, =K; below the axis v negative, viz. at infinity v=0 and at 

, =—K: there thus is a discontinuity iK’+ K, iK'— K at C, but the two values 
are congruent. Observe that for points opposite to each other in regard to the axis, 
the arguments are, for points on the oval w, —u; for points"on the anguis iK’ +v, 
iK'—v: but that we have iK'—v=-— (iK —v). 


122. The pure theorem gives for three points wu, ù», us in a line 
du, + du, + du,=0; 


and thence u,+%+u,=C. The constant C cannot have a determinate value (for if 
it had, then assuming the values of u, and ù at pleasure u, would have the determinate 
value =C—wu,—w), but must be given by a congruence: or, what is the same thing, 
assigning to C any admissible value, we must instead of u,+u,+u,=C, write 
U+U,+uU;=C. Taking any particular line, for instance the tangent at A, we have 
Uy, Us, Uy=O0, 0, 1K’; whence C=7K’; and we have u+%.+%u=?K’, viz. this is the 
relation between the arguments n, Ws, Us belonging to the points of intersection of 
the cubic with a line: in particular, for a line at right angles to the axis, we have 
Uy, Us, U=a, — a, UK’ or =iK'+, tK’-B, iK’ (according as the line cuts the oval 
or the anguis): and the congruence is in each case satisfied. But I shall in general 
instead of = use the sign =, understanding it as in general meaning =, and only 
replacing it by this sign when for clearness it seems necessary to do so. 


Writing sn u, cnw, dn ù =s, ¢, d, and so in other cases, the condition in order 
that the three points may be in a line is 


8°, %d,, 1 |=0; 
83, 8CgQq, 1 
837, S C3; yuk | 


a relation which must be satisfied when the arguments are connected by the fore- 
going relation tn + w + Us = iK”. 

We can show from this equation alone that s and s,¢,d; are expressible rationally 
in terms of 3,2, 8,¢,d,, 5°, 8 C,@,; in fact, writing therein 2, y, in place of s, s,¢,d,, 
&c., we thence have a, Ys, 1 =a, + ma, A+ uY X+m, and substituting in 


Ys? = t (1 — a) (1 — ka), 


we obtain an equation Au (Fà + Gu) =0, that is, Fà + Gu=0, or say M, w=G, —F, and 


thence 
Gy, — Fy. 
sc Nae eer» PT š Ys = 8zC3 ds = aa 


The values of F, G are easily found to be 
| F = yè + yiya — m (1 —@,) (1 — ay) — a (1 — Ka,) (1 — a) — (1 — 2) (L — em) t, 
G= Ye + Yo? — t(l — a) (1 — ka) — s (1 — kay) (1 — 21) — (1 — 2) (1 — ka) 2, 
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or, as these may also be written, 
F = — (Yy — Yo) + (a, — w) {1 + ke + ke (x, + @)} + k (a, — te)? a, 
G=- (Y — Yo)? + (a, a L_)* {1 ++ (a, + 2)} +k? (a, — T) Ta, 
where of course a, Yı, %, Ya should be replaced by their values s, 8,¢,d,, S, SzC2dz. 
This is, in fact, the ordinary process of finding the third point of intersection of a 
cubic by a line which meets it in two given points. 
Writing iK’ — u, =u, and s, c, d for the sn, cn, dn of u, we have 
Li adito 
S3, C3, oa res ks’ ‘8’ 
whence 


1 
if er eeee prey ee 
83 >a kes2? Ss Cda EFi ks? 


that is, 
(1 — kss?) s,¢,d, — (1 — k? sès?) S202d — (8? — 82) a s0, 


corresponding to the relation u= +u, of the arguments. This is easily verified: we 


have 


_ Seod, — Led sad, — s,cd 8" — s? 


yy A a UES. cata = sa a a Bs ok EE : 
1 Tepr ° * Pests?’ 81 Cally — SC, 0,’ 


the equation thus becomes 
(Scada — sacd) c,d, — (sc dı — 8, cd) Cada — (S? — sè) s =0, 
that is, 
ga “ayy 8. 
cd f- E A + SıCado F TA l = 0, 
which is right. 


The Four Tangents from a Point of the Cubic. 


123. Suppose that the line is a tangent to the cubic, say the line touches the 
cubic at the point u, and again meets it at the point w: then instead of un, us, Us 
we have u, u, w: and the relation becomes 2u + w =K”. s 


Here u being given, w is uniquely determined: viz. given the argument u of the 
point of contact, we have a unique value for the argument w of the tangential. But 
given w, we have 2u=iK'—w; and we have thus for u the four values 


4(iK’-w), Do.+K, Do. +ik’, Do. +K+ik’, 


corresponding to the four tangents which can be drawn from the point w to the cubic. 
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The tangents are real for a point of the anguis, and for such a point we may 
write w=7K’+v, where v is real and included between the values + K; the corresponding 
values of w are 


maby, m=—fu4K, wa—futik’, wa—fu+K4 ik’: 


the first and second of these belong to tangents to the oval, the third and fourth to 
tangents to the anguis. We may further distinguish a tangent according as it passes 
between or does not pass between the vertices B and C: say in the former case it 
is intermediate, and in the latter case extramediate: and we then see that, for the 
tangents from the point iK’+wv of anguis, 


u=- 4v for intermediate to oval, 
u=—-4t0+K » extramediate to oval, 
u=- 4v +K „ extramediate to anguis, 
u=-—}4v+ K+K’ ,, intermediate to anguis. 


124. We may make a corresponding 


division of the real lines which meet the 


curve in three real points: any such line meets the oval twice (and then of course 
the anguis once), or else it meets the anguis three times: and taking the arguments 
to be %4, Uo, ug, we have 


$ (u +Ug+Us)== pK for intermediate line meeting oval twice, 
7 = 4iK'+K , extramediate line, Do., 
is =— 41k’ » extramediate line meeting anguis three times, 
F =—4iK'+K ,„ intermediate line, Do. 


125. Returning to the tangents, the point 7K’+v may be an inflexion: we have 
then the point of contact of the intermediate tangent to the anguis coinciding with 
the point iK' +v; viz. ¢K’+v=—}0+K+iK’, or say =—}0+ K+ 1K’: that is, 
v=+2K; or iK’+2K and iK'—}3K are the arguments for the real points of inflexion, 
above and below the axis respectively. 


126. Write for a moment the equation in the form y°=Be + Cæ + Dæ’; then if 
(a, 8) be a point on the curve (6? = Ba + Ca’ + Da’), and we consider the intersections 
of the curve with the line y — 8=m (æ —a), we find for the remaining two intersections 


B+ C(a@+a)+ D(a? + ax + a”) = 2mB +n (a — a). 


If the line be a tangent, this will be satisfied by «—a; the condition for this is 
2mB =B+2Ca+3Da?, and supposing this satisfied, then throwing out the factor æ— a 
we obtain C+D(«+2a)=m’, giving Da=m?—C—2Da for the coordinate æ of the 
tangential of the point (a, £). 


In the case of an inflexion, «=a; and we have 


(B+ 20a + 3Da*) 


e ai: 4 (Ba-+ Cæ + Da*)’ 
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giving for a the equation 


3D + 40C Dæ + 6BDa— B= 0, 
or for B, ©, D writing their values 1, —(1+4*), k*, this is 
dktat — 4k? (1 + k) æ + 6h? — 1 = 0 


for the æ-coordinate of the inflexion. There is one negative root, and one or three 
positive roots; but only one positive root giving a real value of 8, and corresponding 
hereto we have the two real inflexions on the anguis. 


It should be possible, from the formule of No. 122, writing therein (a, y2)=(#, Yı) 
to arrive at the foregoing result, say Dæ, =m? — C—2De,; but the functions F and G 
present themselves in vanishing forms, and the reduction is not immediate. 


127. The general condition for an inflexion is 3u=7K’: the nine inflexions thus 
are u=1K', inflexion at infinity, w=iK’+2K, the two real inflexions, and besides 
u=+4iK'’, u=+41Kh'+2K, six imaginary inflexions. 


The Seaxtactic Points. 


128. The vertices A, B, C are each of them a sextactic point: in fact, writing 
the equation in the form y?=«a—(1+ k*) a+, we see at once that the conic 
y? =x —(1+k*)a meets the curve in the point A counting six times: and there is 
obviously a like proof for the vertices B and C respectively. Hence, for the six inter- 
sections with any conic whatever, we have the condition 


Uy + Us + Ug + Ug + Us + Uy =O: 


and for the sextactic points we have the condition 6u=0. This gives the 36 points 
u=1(2mK + 2m'iK') or say =4(mK + mk’), m=0, +1, £2, 3, m =0, +1, +2, 3: but 
among these are included the 9 inflexions (each of these being an improper sextactic 
point, the conic becoming the tangent taken twice) and there remain 27 points: among 
these are included the three vertices (u=0, K, 7K’+ K), points of contact with the 
tangents from the inflexion at infinity; and of the remaining 24 points 6 are real, 
viz. these are the points u=+4K, +2 on the oval, and the points ¢K’+4K on the 
anguis: these are, in fact, the points of contact of the tangents from the real inflexions, 
viz. the three tangents from the inflexion iK’+2K touch the oval in the points 
2K, —4K, and the anguis in the point iK'—4K; the three tangents from the 
inflexion «K’—2K touch the oval in the points — 2K, 4K, and the anguis in the point 
iK +4K. 


Formule Relating to the Tangents from the Vertices. 


129. I annex some formule relating to the tangents to the curve from the 
vertices A, B, C respectively. We have from each vertex four tangents say p=0, o=0, 
symmetrically situate in regard to the axis, and p’=0, o’=0, symmetrically situate in 
regard to the axis: the line joining the points of contact of p, o is a line r=0 at 
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right angles to the axis, and that joining the points of contact of p’, o is a line 
7 =0 at right angles to the axis. 


Vertex A, Tangents Imaginary, 


Coordinates of Point of Contact. 

p,o,7T=y—-i(ltkh)a, yti(lt+kh)a, kari: any, ya tO, 

po, 7 =y-i(l—k)a, yti(l—k)a, —ke+1; w= ty y= Ee), 
the equation of the curve is 


J, =} a (1-2) —-F2), =p =r, =p =ar, =0 


Vertex B, Tangents Imaginary. 


Contacts. 
po, T =y—(k— ik) (1-2), y+ (k +ik\(l— a), ka -—(k-ik’); w=1- a y= TE (etik), 
P, 0,7 =y —(k—ik\(1 — s), y+ (kik) -— æ), ka—-(k+tk’); s= 1+, y= + bik); 
the equation of the curve is 
f=po+ (l-a) rt, =p'o'+(1-2)7?, = 
Vertex C, Tangents Real. Contacts. 
1 aa 1 +k 
Ppp = hea na) ¥+ 77 pg ee) oe Pay wah eb Y= Tak’ 
Rie Mis =y- p(l- ke), y + 7p (l-ka), o- - g= : tk 


ROGETTE ERAT 
the equation of the curve is 

f, =p0— (l — kx)rt, = p'o — (1 — ks) 7’, 
130. These, linear functions p, o, &c 


, considering therein æ, y as denoting 
sn? u, sn u cn u dn u, respectively present themselves as the numerators and the denomina- 


tors of some formulæ given No. 105 of my Elliptic Functions (1876), see p. 76: viz. we have 
ahi eed 1 1l-he+(1+hk/)y 


14+k 1-khe+(—k)y’ 
which is 
itt TAN gs a 
1k a y 


y s. (vertex ©); 
uti (1 — ka) ~ 


} =r 1 (1+k)æ+iy 
| sn? (u + 41K") = are Boa ae 
which is 


__ly-i(l+he 


Serre aye =— ; (vertex A); 
and 


aa 1e + (kik 
sn? (u +4 K +4$iK’)= EH 
©; ALI. 


24 
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which is 


k—ik y+(k+ik)(l-«#) k-ik o 
k yr A Rk. p POETER 


Observe here that, in the second formula, we have a pair of tangents p, o which 
belong to a chord + through the inflexion at œ; but in the first and third formule 
we have tangents ø, o’ not forming such a pair. This is as it should be, for the 
zero and infinity of sn*(w+47K’) are w=—+4iK’, w=4iK’, which belong to points in 
linea. with the inflexion at infinity: but for sn?(w+4K), the zero is w=--4$K, and 
the infinity is w=iK’—4K, which do not belong to points in linea with the inflexion 
at infinity: and the like for sn?(w+3K+47K’). i 


Fixed Curve a Quartic in Space, the Quadri-quadric Curve p = 1- æ, 2 = 1 — ka. 
Art. Nos. 131 to 135. 


131. It is assumed that %? is real, positive, and less than unity: the curve may 
be regarded as the intersection of the two cylinders 


atyp =l hoi + 2=1; 
but there is through it a third cylinder y—k*2?=k* The cylinder k’a*?+2=1, or 
say the horizontal cylinder, has for its section an ellipse axes : and 1 respectively : 


and it is pierced by the cylinder #+¥°=1, or say the vertical cylinder, in two detached 
ovals (of double curvature) lying on opposite sides of the plane of wy: only the upper 
oval ABA’B’ is shown in the figure. 


Each of the vertices A, A’, B, B’ is an inflexion*, viz. a point such that the 
osculating plane at that point meets the curve in the point counting four times. 


We may consider two generating lines of the horizontal cylinder, each meeting the 
oval in two points; the plane through the generating lines meets the curve in these 


* There are in all 16 inflexions: 4 in each of the planes «=0, y=0, z=0, and 4 in the plane infinity. 
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four points, and when the generating lines come each of them to coincide with the 
tangent at A, we have the osculating plane meeting the curve in the point A 
counting four times. The like reasoning, with two generating lines of the third 
cylinder, shows that the vertex B is an inflexion. 


132. The equations are satisfied by writing therein æ, y, z=snu, cnu, dnu: the 
periods are here 4K, 4¢K’: hence, at a given point on the curve, the argument is not 
w=a determinate value %, but it may equally well be taken to be =w + 4mK + 4m'iK', 
where m and m are any positive or negative integers: we express this by u= ù, or 
say ù congruent to wu. For the upper oval, u may be taken to be real, and to be 
=0 at B, positive for the half oval BAB’, and negative for the half oval BA’; 
having the values + K, —K at A and A’ respectively, and the discontinuity 2K, — 2K 
at B’, these two values being congruent. For the lower oval, we have u= 2K’ + real 
value v. 

For the intersections of the curve with a plane, we have 

du, + dito + dus+du,=0; whence u + Ua + U; +u =Ù; 
and by taking the plane to be the osculating plane at B, we find O as a value of 


the constant, and the relation thus is t + s+ us +u,=0. Writing as before sn, 
cn uw, dn w, =S, G, d, and so in other cases, the relation between the elliptic functions is 


e E E FARE I EET 
ee | an) Chew 
OP rg Oe ae 
eee Ry Se TA 


It is important to remark that, given three of the points, the fourth point is 
determined uniquely: that is, the equation really gives s, Ca, da, each as a rational 
OCON Gt GAG 9, Oi, Ar Ba, Cas Oa, Sa) Css ee 

In fact, we may write s,=2,8,+%.58.+A;8, and similarly for c, and d,, and 
1=A,+A+A;: substituting in s? +0 —1=0, ks? +d?è—1=0, we have 

X 3a Ag + X Ag Ay of XMM = 0, 


Yg » + Vs ” + Vr ”? =0, 


where 
X 32 = 818. +6, C, — 1, Y= k*s,8, + d,d.—1, &e. ; 


we thence have 
AAs © AMM $ MA = Xa Fn na Xa Ya : Xis Ya E Xa Ys : Xa Ya za An Ys 
= A, : A, : As, suppose ; 


that is, 
A s No $ AM = A, A, F A, A, = As As; 


and consequently 
Si, = — SP (th + Us + ws), = AAS, + AAS + AAS; + (AAs + 434, + A, Aa), 
Gni KON s M tt et Oa oh ak by ), 
di, dn ( i ) = » ht n dat 4 ds+( + 5 
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which are the required expressions. If u;=0, and consequently s,, cs, d;=0, 1, 1, the 
resulting expressions give the sn, cn, and dn of ùn +w; but the expressions are in a 
very complicated form, not easily identifiable with the ordinary ones. 


133. The determinant equation may be written 
(8; — s2) (csd; — cada) + (S3 — S4 ) (c,d, — c,d) 
6 (G =U ) (dss, = diss) T (cs => ) (disz sa das) 
= dy) (830, — 84C;) + (d; — d4) (S1C2 — S201 )=0, 


and, in fact, each of the three lines is separately =0. This appears from the following 


three formule :— 
Sn (W + Us) 8, — S2 


en (th + Ua) — dn (th + Ue) ~ 6d — Cod, j 


SN (Ui + Uo) Cy — Cy 
Cn (t + wa) + 1 a ay = Ogi? 
$ 
sn (u - +u) ibs ke (h — ds) 
dn (u + Up) + 1 R S81 Co vs S201 


which are themselves at once deducible from the formulæ 


sn (u + w) = 8 — 8%, =—(c2—c2), =- adh 2— dè), + (8:C2d,— 8,¢,d)), 
Cn (U + Us) = S161 d2 — 8.¢,d, + Do. 
dn (u, + Us) = 84,02 — 8,d,¢, + Do. 


In fact, the numerators of cn (u, +uw)+ dn (u + u), en(%+%) +1, dn(%+%)+1, thus 
become = (sı + 8) (adə — cadr), — (c1 + c2) (ds, — dasi), (di + do) (8:62 — S201), respectively: so 
that, taking the numerator of sn (u, +u) under its three forms successively, we have 
by division the formulæ in question. 


134. The above three equations, putting therein 4 + us =-— 2u, and reducing the 
functions of 2u,, become 


i Cad 3; ST Se a (¢, — ca) (d, — da) 
kh? ss (dy — cd,’ araug = sina (dis: — d28;) (S162 — L261)? 
-36 C—O k? itis (di — dz) (8, — S2) 
a ee ki? (aam 8) (Cyd — Cod,)’ 
20068 al dı — d, i m ee (s — 82) (c — Cə) 
d; S1 Ca — S203 k kia? (qd, =- Cadh) (d 8, — dy8;)’ 


equations which must of course give each of them the same value for s: the equations 
belong to the relation w, -+ u+ 2u,=0, viz. (Ss Cs d,) are the coordinates of a point 
of contact of the tangent plane drawn through the two given points (s, ¢, d,) and 
(S2, C2, d) of the curve. 
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135. Write 

a, 0, ¢, ie 9, h =8,— &, à — C, dh — de, Cdo — Codi, diS — dy8,, S1C — S201, 

a, 6; ¢, ¥ I; h = 8; — s, Cs — Ca, ds — da, Cada — Cadi, dgSa — AaS, S830, — S403, 
so that (a, b, c, f, g, h) are the six coordinates of the line 12, and a’, b’, e, f’, 9’, k 
are the six coordinates of the line 34. The determinant equation is nothing else 
than the condition of the intersection of the two lines, viz. this is 

af’ +a f+bg +b'9+ch’'+ch=0., 

By what precedes, it appears that not only is this so: but that we have separately 
af’ +a f=0, bg'+b'g=0, ch’+ch=0, viz. these three equations are satisfied by the 
coordinates of the lines 12 and 34, which join in pairs the intersections 1, 2 and 
3, 4 of the quadri-quadric curve by a plane. But this is a geometrical property 


depending only on the four points being in a plane: and it is thus a result of 
Abel’s theorem that, when the arguments are such that 


Uy + U + Us + uy =O, 
then not only the original equation, but each of the three equations, holds good. 


The Cubic Curve ay — 2y + (1 + k) æ — ka =0. Art. Nos. 136 and 137. 
136. Writing the equation in the form 
(ay —1)?=(1 — æ) (1 — kæ), or say ay—1=—V1—a@.1— ka, 


we see that the general form is as shown in the figure: the real portions of the 
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curve lie between the values s=- %, =F —1, +1; and z æ. The curve may be 


made to depend on elliptic functions in two different ways: we may write 


aye me) sn, 
aiet e EE env dnyv’ 
l1 —cnudn u t sn,v 
= ae ——— > —_ i 4+ FP -(1 — be nn? 
Y sn u : 1+k angen ies ( Pen, v), 


where the functions sn, en, dn belong to the modulus &, and the functions sn,, cn,, dn, 


to the modulus ð, tt The first mode is obvious; as to the second, observe that 
the formule give 
i(1—k) sn,v cn,v 


a sn,v 
1: 1+k dnw 


1+k cnv dnw 


(1+ Wf cn’? u = 


y— ks = 


maah e a Liter py Set 
Dar rises Ube ae ers Sats BET rO ERI e 


whence 
y? — ka =—(1 — kY snw; 
and therefore 
— 2i (1 -kf snëv | 
l+k cnv dn,v’ 


oQ- Kat) = 


which is also the value of 2y — (1 + k*)a, as it should be. 


We find, moreover, dw, =du, = and thence, u, v each vanishing together, 


2Qw Wy : : 
u . Writing for shortness s,, ¢, d, to denote sn,v, cnv, dn,v: that is, s, ¢, d 


= isk 
are the elliptic functions of v to the modulus 0: we have 


Ea b) == hae 
or) ares 1+k c,d,’ 


en ( ad b= gee {1 +k + (1 -— k)s?}, 


1+hk’ 

PAX 1 

CaA AO DET, E PALES i 
da (7 r) ESTEA (1 = ky'a) 


DO ES 3 
137. To bring these into a known form, for k write IER’ then @ is changed 
into k, and the formule become 
a 
sn, (1+k)w=(1 +k)i > 
en, (l+k)iw= 5 (1 + ks*), 


‘ 1 
dn, (1 + k) w = aa (1 — ks?), 


www.rcin.org.pl 


825 | A MEMOIR ON THE ABELIAN AND THETA FUNCTIONS. E91 


where the sn,, cn,, dn, refer to the modulus 0, and s, c, d denote snv, cnv, dn v, 
modulus hk. 
But from the formule, p. 63, of my Elliptic Functions, 


isn (u, k’) 1 dn (u, k’) 
en(u, kK)’ en(u, k’)’ cn (u, k) 


sn (iu, k), cn (iu, k), dn (iu, k) = 


and herein for u writing (l1+k)v, and for k writing 0, = i i whence k’ becomes 


isn(l+hv,y) = 1 — dn(1+hy, 9), 
en(1+kv, y) * en(1+khv, y) cn (1 +h, y) 


sn, (1 +k) w, cn, (1+ k) iv, dn, (1+ k) w= 


and the formulæ above obtained are 


sn (1 + kv, s EES Wa Ae 1+hk)s 
eke pat Hage giving othe, =F Te 
1 1 NN odd 
meee ae wo AL Dare 
dn (1+, y)_ 1, _ pg Ms 
Bee Riis au one, ee 


where, as before, s, c, de denote sn (v, k), cn (v, k), dn (v, k): these last are, in fact, the 
formulæ of the second line of the table, Elliptic Functions, p. 183. 


Fined Curve the Cubic y =æ (1 — æ) (1 — ka): the Function (010). Art. Nos. 138 to 142. 


138. It was shown, No. 65, how for the affected theorem, when the fixed curve 
is a cubic, the form of differential is dw multiplied by 


012} + | ib dwd, {036} — (123) | 


the last term being the properly determined constant K, attached to the variable 
term {012}, in order to obtain a standard form of integral. The object of the present 
articles is to show what these formule become for the before-mentioned form of cubic 
curve y?= (1 —«#)(1—#*x), which is most directly connected with elliptic functions: and 
to exhibit the connexion of the formule with the ordinary formule for elliptic 
integrals of the second and the third kinds respectively. 


139. We have, in general, 


S18 (1 + k?) a, — (2, + 22) + Yr Z, Y, “4 
(012), = jp, = Jtem) | + = a 
+ y (Yt Yo) |, Yo, 1 | 
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Taking here 2, =@, for the point, coordinates x, y.=0, 0, we have 


{010} Miao — æ+ (1 + k?) æa tyh. 
TY — HY 
and if, retaining 1 to denote the point coordinates (z,, y,) belonging to the argument 
wu, we write 1’ for the point belonging to the argument «~+7K’, then the coordinates 


—Y 


a Tans? and the formula becomes 
1 1 


of 1’ are 


ry ieee 2 
(018) _ 2 + kam, (EAU 
LY + MY 
the numerator hereof multiplied by æ is =y (æy + my) — kax (x — a) and we thence 
have 
Y _ Baa (x-a) 
& LY — HY 
which, substituting for æ, y, æ, y, their values in terms of u, %, is 


(010) 


cn u dn ù 
= — am 2 =— 
sor k? sn u sn wu, sn (u — u). 
y ; ; d i 
Operating on each side with m PA te 0,, we obtain 
1 


0, {010} = k sn? uw, — k? sn? (u — u), 


the differentiation being, in fact, that which occurs in establishing the fundamental 
property of the elliptic integral of the second kind 


E 2 . 
1 -z) +e | sn udu: 


Zu — Zu, — Z (u — n) = — sn u sn wu sn (u — w), 


Zu=u( 


viz. we have 


and thence 
0, [— k? sn u sn wy, sn (u — un)] = — Zu + FZ (u — un), = sn? uy, — k? sn? (u — un). 
Observe that, 1’ referring to u + ik’, the subscript 1 might be written 1’. 
The same result should of course be obtainable by the differentiation of the 
expression of {01’6} in terms of a, y, æ, ye We have 
00%, =W, AYW=1—21+h)y+ shay, =; 
and we thence obtain 


i ke 
o, {016} = tages og [— 2 (wy, + ay) (£ — 2a) ay, + war (€ — a) (Q + 2yy))], 
where the term in [ ] is found to be =a(ay,+my)*— asr (s-a); whence the 
equation is 
kær (£ — ay 


(ay; + ayy i 


0; {010} = kex — 


giving the foregoing result. 
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140. To introduce into the formule 1 instead of 1’, we have only to write 
u, —tK’ instead of u; putting also for shortness s, c, d, s,, C, dı for the functions of 
u and un respectively, we thus obtain 
d s 


c 
101} ara 3 EN ara 


where observe that, interchanging u and w, we have 


Cd Si 
& ssn(uw—%)’ 


{106} =— 


that is, {100} =— {010}, as it should be. The formule may be written 


i Sad + sod 1 
{010}, =— {100}, = sadi +sıcd ss, sn (u — un) ` 


and 
1 1 

01 {016} = sè Tr sn? (u - (u 2 un) , 

whence 
1 1 

d» {010} = — 7a Renn 
we have, moreover, 
8 s 
012} 1126) + an (wu) gnu) 
and 


‘i 1 
By OFA sn? (u— a) sn? (u — uw)’ 


which last equation gives (0+0, +9) {012} =0, as it should do. 


141. Supposing that the differential dII,, is defined by the equation 


Ty, = du {012} + du [kz (036} — (123) | 


we have 
4 4 4 1 à 
| atl, = | du {012} +f du iJ du 0; {036} — 123} | f 
5 5 5 2 J 
and thence 
4 
4,5) | dI, = 2, {124} + 2, {136} — 2, {123}, 
5 
= 0, {134} — ð; {316}, 
pd ane AOE tei Re) NA aa aol Mis ike 
~ [sn?(u— us) sn? (u — U4) sn? (us; — un) ~ sn? (tts — Us) |’ 
— ale bini aipa 1 = 
~ sn?(us—Us) sn? (t) — Uy)” 
Ce clk. 25 
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or establishing between the constants ts, wu, the relation sn?(u,— us) = ao , this 


becomes 


=] -Kls (u, — un +7R’), 


which is 
O (u, — w + 1K’) O (u — in + 1’) 


= 0204 log Ola, ca LEA (u, Sathi iK’) © (u; i- iK’) ? 


where © is Jacobi’s theta-function, see my Elliptic Functions, p. 144. The expression is, 
in fact, =—0,0,log 0 (wu, — u +iK'), =o(u,—u,+7ik’), if for a moment gv=0, log Ov. 
But we have 


log Ov = log IEE pum J= f f sw vde, 
; E «177 
that is, gv=1— p7 k?sn?v, and consequently we have $(u,— in +iK') 


E E 
=1 EREE ESR y 


142. In connexion with the same curve y=% (1 — «)(1— ks), we may establish 
the identity 


d A riya y 


du x—æ dua,—« 


=k? (a, Et), 


where as before æ, y=8, scd, and a, y,=3,7, 8,¢,d,. We have 


ai ie 


de, =(s,? — $) {1 — 2 (1 + ke) s? + 3)’s,4} — 28? (1 — s?) (1 — kes?) 


(ay — 2) 


=— $ — sè +2 (1 +k) 8s, — 3k's°s,4 + k's, ; 


and similarly 


(@— mye yas s +2 (1+) ss, — 3k%sts,2 + kes. 


The difference of the two functions on the right-hand side is = % (s? — $); which 
is = k? (æ — æ}, and this divided by (m, — s} is =k? (æ,— x); the identity is thus verified. 


Fixed Curve the Quartic y? =(1 — æ) (1 — ka’). Art. Nos. 143 to 145. 


143. This is a curve having a tacnode at infinity on the line æ= 0, as may be 
seen by writing the equation in the homogeneous form y??? = (2 — a*)(2 — kæ); we have 
as it were two branches having the line infinity for a common tangent at the point in 
question. The equation is satisfied by æ =sn u, y=cn udn u, values which are unaltered 
by the change of u into u + 4mK + 2m'iK', m and m’ any positive or negative integers; 
in regard to this curve, the sign = is to be understood accordingly. I consider with 
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reference to this curve only the affected theorem, in the particular form in which it 
most readily connects itself with the ordinary theory of the integral of the third kind. 


io B 


144. I consider the differential La a in the particular case where the line 


012 is a line parallel to the axis of y: taking its equation to be «—a,=0, and 
putting for shortness» X = V1—a@.1—a, X, =v1 — x’. 1 — kee, the parametric points 
are taken to be (a, VX), (æ, —X,), and the residues are the intersections with the 
two branches at the tacnode. The conic (w, y, Z =0 is to satisfy the conditions of 
passing through the two nodes of the tacnode, and through the two residues, that is, 
again through the tacnode twice—in all, four conditions; and we have thus the form | 
z(æ—0z)=0, containing the arbitrary constant @. The major function itself is then 
easily determined, and putting again z=1 we arrive at the form 


VX, a—O dx 
æ— 0 e-n MNS 


If the limits are taken to be two points on a line parallel to the axis of v, or what 
is the same thing, if the limits in regard to # are æ, —#, we have the integral 


a VX, «-0 da f VX, (2-284 da: 


Meth 2 Otte th NY- T o&m — 0 L— XL, @ + a, ‘ae 


ly VX, v—2,60 da 
=2 Sc ie ee Berry or 
0a4,-0 æ- VX 


We haye 
1 (a3 i AAA Naet: A 
a, \e2—2 2-0) af—2.a,-—0’ 
and the integral thus becomes 
a's | * NX æde OVX, [* de 
o a, (af—a)VX — a,(a,—0)J0 VX 


25—2 
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Taking here w=snu, æ =sn (a + iK’), = — we have de=cnu dn u du =VX du, and 
the result is 


i VX, 2-0 da (je 2ksnacna 


i ae “l-—sn?asn?u  1—-kôsna ’ 


s t,— 0 x-a NE i 


where on the right-hand side the first term is =—2II(u, a), if II (u, a) be Jacobi’s 
form of the integral of the third kind, see my Elliptic Functions, p. 143. 


145. It is to be observed that the proper normal form is not TH (u, a), but 
II (u, a)—uZa; say this is TI (u, a). We then have 
= E 
II (u, &) =T (u, a) — u E (1 — z)-# sn* a da | à 
and thence 
0,11 (u, eit ne ee a (1 men A + k | sn*a da, 


1 — Æ sn? a sn? u K 
= J snacna dna E Pe 
Oa0y LI (u, a) =k? sn Wea 4 ee — (1 — a) thon a; 


or, if for shortness we write sn u, sna=s, g, this is 


Dadu TI (u, a) = 


kes? {1 — 2 (1 + k) o + 3k 0*] + kisto? E 
T Ti, EEA ak ew 
which is 
_# (+ œ) (1+ so") — 2 (1+) #07} _ (1 i. p): 
oi (1 — kso?) ; 


or, this being symmetrical in regard to s, e, we have 
OaOull (u, a) =al (a, u), 
and thence by integration, and a proper determination of the constants, 


TI (u, a) = TI (a, u). 


CHAPTER VI. THE NODAL QUARTIC. 


Nodal Quartic; the General and Fleflecnodal Forms. Art. Nos. 146 to 148. 


146. For a cubic, or other curve of deficiency 1, we are concerned with single 
points on the curve, and corresponding thereto with functions of a single argument 
(elliptic functions): but for a curve of deficiency 2, we have to consider pairs of points 
on the curve, and functions of two arguments: there is thus a marked change in the 
form of the results. 
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The most simple curve of deficiency 2 is the nodal quartic, n=4, p=2. Using 
homogeneous coordinates, the general form is Az*+2Bz+C=0, where 
A= (i, j, kOe, yy, 
B= (lom, n, oa, yY, 
C =(p, q, r, s, tha, ys 
and where we write also 
B — AC = (L — ip) (a — ay) (a — by) (@ — cy) (a — dy) (æ — ey) (x — fy). 


Clearly the equation of the two tangents at the node is A=0; and the equations 
of the six tangents from the node are «—ay=0,..., 7—fy=0: at the points of 
contact we have Az+B=0, viz. this is the equation of a nodal cubic, the node and 
the two tangents there being the same with the node and two tangents of the 
quartic. Hence the node counts as 6 intersections, and there are besides 6 inter- 
sections which are the points of contact of the 6 tangents respectively: say these are 
the points a, b, c, d, e, f: the coordinates of the point a are given by the equations 


where Aa, By, Ca are what A, B, C become on writing therein a, 1 for w, y: and 
similarly for the other points. 


147. An important special case occurs when B=0; say we have here 
-© A=i(w—ey) (e — fy), 
B=0, 
C = p(«— ay) (< — by) («—cy) (x — dy), 
or, omitting the factors i and p, 
(a — ey) (x — fy) è = (x — ay) (x — by) (< — cy) (a — dy). 


The origin is here a fleflecnode; the tangents «—-ey=0, «—fy=0 count as two of 
the six tangents from the node, and there remain the four tangents 


a—cy=0, «-—dy=0, x«-ay=0, «—by=0; 
the four points of contact are the intersections of the curve with the line z=0. 
148. The general nodal form depends on 11 constants, but by writing ax + By, 
_ ya + dy, ez in place of æ, y, z, we introduce 5 apoclastic constants, and so reduce the 
number to 11+1—5, =7. Similarly the fleflecnodal form depends on 7 constants, but 
we reduce the number in like manner to 7+1—5, =3: the final form might here 


be taken to be 
ay = (æ — y)(x— by) (w — cy) (a — dy), 
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but it is more convenient to retain the original form 


2 (a — ey) (x — fy) = (x — ay) (e — by) (x — cy) (a — dy), 
bearing in mind that this is reducible to the form just referred to, and thus depends 
virtually upon only 3 constants. 
It is a general property that a curve of deficiency p greater than 1 can be by 
a rational transformation reduced to a curve of that deficiency depending upon 3p — 3 
parameters: in particular, if p=2, then the form depending upon 3 parameters may 
be taken to be the fleflecnodal quartic as above: and I proceed to show how the 
general nodal quartic can, in fact, be reduced to this fleflecnodal form. 


Reduction to the Fleflecnodal Form. Art. Nos. 149 to 152. 


149. Consider the general nodal quartic Az+2Bz+C=0: take €=0 for the 
equation of the line joining the points of contact of the tangents æ —ey=0, «—fy=0; 
and then writing «=&, y=nņ, let the curve be transformed in the first instance from 
æ, y, 2 to the new coordinates £, n, €. 

Writing A, for the value (i, j, k¥e, 1), which A assumes on putting therein 
(e, 1) for (x, y) respectively, and similarly As, B., B; for the other like values, we 
may take 

AAs (6 —f): Ea) a Ys tials 
ede, Ae, F Be 
JAn. Aya — By 
= — (A.B; — A,B.) +y(eA.By — fB.A,) +z (e —f) A,Ay,, 


say this equation is = — s — wy + z, the values of à, u being 


—4eBs — AzB. _—0A,By+fBeAy 
(e-f) A-Ay’ H= (e—f) Acs 
and therefore 
M+p=— =, rua 
e f 


150. From the values & £, n = — Me — py + z, æ, y, we obtain z, æ, y=O+XE + un, £, n; 
and the transformed equation is 


A' (E+ AE + un} + 2B' (E+ XE + un) + 0" =0, 


A’ (i, j, BRE, ny, 
B= (1, m, n, o¥€, n), 
C =(p, q, r, s, thE, n), 
say this equation is U¢?+28¢+ C =0, where 
ASA 
B= A’ (AME + wy) + B, 
© = A’ (AE + pun)? + 2B’ (NE + wy) + C”, 


where 
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and thence 
B?— AC = B — A’0’, = (L — ip) (E — an) (E — bn) (E — cn) (E — dm) (E — en) (E — fn). 


We have here 8, =A’ (AE + wn) +B’, a cubic function (E, n) containing the factors 
£—en and E — fn: in fact, writing €, » =e, 1, it becomes A, (àe + u) + Be, which is =0; 
and similarly writing £, ņn=f, 1, it becomes A,s(Af+m)+ By, which is =0. Calling the 
other factor LE + Mn, we have thus 


B = (E — en) (Ẹ — fn) (LE + Mn), 


and thence 


AC = (E — en) (E — fn? (LE + Mn) — (È — ip) (E — an) (E — bn) (Ẹ — cn) (E — dm) (E — en) (E — Jn), 
= (E — en) (E — fn) [(E — en) (E — f'n) (LE + Mn)? — (I? — ip) (E — cn) (E — dn) (E — en) (E — fn) } 
Hence © contains the factor (£—en)(&—fn), say we have 


© = 0 (E — en) (E — fn) (E — en) (E — $n). 


151. In the equation %2¢*+28¢+C=0 of the quartic curve, writing ¢=0, we 
find © =0, that is, (E — en) (E- fn) (E — en) (E—gdn) =0: but €=0 is the equation of 
the line joining the points of contact of the tangents £—-en=0, &—fyn=0; hence 
£—en=0, E—¢n=0 are the lines drawn from the node to the two points e, @ which 
are the residues of these two points of contact. We now have 


OA (E — en) (E— pn) = (E — en) (E — fn) (LE + Mn)? — (L — ip) (E — an) (E — bn) (E — en) (E — dn), 
and thence 

0=(e — e) (e — f) (Le + M} -— (P= ip) (e — a) (e — 0) (e — 0) (e.— d), 

0 =(¢ — e) ($ -f ) (Lo + MY — (L — ip) (p — a) ( — b) ($ — c) ($ — d), 


which equations determine Z and M; and then with these values of Z, M, and for 
J substituting its value (i, 7, kýE, n}, the equation must become an identity. 


We have in what precedes, by the transformation z=€+A&+un, «=& y=, 
passed from the form 42+ 2Bz + C =0 to the form 


Ul? + 2664+ C=0, 

A= (i j, AE, ny, 

B= (E—en) (E- fn) (LE + Mn), 

© =0 (E—en) (E — fn) (E — en) (E — $n), 


viz. B and © have here the common factor (E — en) (E — fn). 


where 


152. Assume now 
Xx —eY)(X— $Y) 
BEMA E MY.’ 


MERA A 


and therefore conversely 


RY eek a Le + My + oÉ om), 
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then in the new coordinates (X, Y, Z) we have the equation 


(i, j, k) (X, Ye TE AE 


Z- LX —MY 
+EH E nE EM EEE 


+0(X —eV)(X —fY)(X -—«VY)(X —$Y)=0, 
that is, 
(i, j, REX, Ye O(X —e¥)(X—@Y) 
+2(X —eY)(X —fY)(LX+MY)(Z- LX — MY) 
+ (X-—eY)(X —fY)(Z-LX —-MYY=0, 
where the second and third lines together are 
=(X —-eY)(X -fY){#-(LX + MYY}, 
and the equation thus is 
(X —eY)(X -fY) Z + {0 (i, j, YX, V(X - eV)(X - $V) 
—(X —e¥)(X —fY)(LX + MYY) = 0. 
But the term in { } is identically 
=— (P — ip) (X —aVY)(X —bY) (X —cY) (X — dY), 
and the equation thus becomes 
(X —eY)(X-—fY)Z?—(Ľ-—ip)(X —aY)(X —bY)(X-—cY)(X-—dY)=0; 


viz. the original equation 42°+2Bz+ C=0 of the general nodal quartic is, by the 
equations 
i g (X= T — $Y) 


@, Y, 2=X, Y, AX +uY ZI u ` 


or conversely 


xX, Y gob, yi lat y eee 
z — N£ — py 


transformed into the fleflecnodal form as above. 


It originally appeared to me that the fleflecnodal form- was more easily dealt with 
than the general form; and I effected the transformation for this reason: there is, 
however, the disadvantage that the six points a, b, c, d, e, f enter into the equation 
unsymmetrically ; and I afterwards found that the general form could be dealt with 
nearly as easily, and in what follows I use therefore the general form. The transform- 
ation is given as interesting for its own sake, and as an illustration of the theorem 
in regard to the number of constants in a curve of deficiency p. 
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Application of Abel’s Theorem. Art. Nos. 153 to 157. 


153. Taking the fixed curve to be f, =4(A2?+2Bz+C), =0, we have 


df _ Sy ae 
dg 742+ B= V(a, yy’, 


if for shortness we write 


(x, yf = B>— AC, =(P — ip) (a — ay) (x — by) (< — cy) (@ — dy) (a — ey) (a — fy), 


and we thence have 
dep A =U 
v (a, y) 
The minor curve (a, y, z)”*=0 is an arbitrary line passing through the node, that 
is, the point w=0, y=0; and the pure theorem thus gives the two relations 
Ssdw=0, Sydw=0; where the summation extends to the intersections of the fixed 
curve Az?4+2Bz+C=0 with the variable curve ¢. 


The variable curve is taken to be a cubic Az+B=(a, B, y, 8a, y}, or say 
Az+B=Q, where Q is a given cubic function (æ, y}: viz. this is a nodal cubic, the 
node and the two tangents there being the same with the node and the two tangents 
of the quartic: hence it meets the quartic in the node counting 6 times, and in 6 
other points, say these are the points 1, 2, 3, 4, 5, 6: hence the differential relations are 


adw + rdo: + vdo; + edw, + ssd + xido = 0, 
ydo F Yodws a Y dos a Ydw, w Ysdws E Yoder, = 0. 


154. Observe that the intersections of the cubic with the fixed curve are given 
by the equation Q?=B? — AC, or say 0?=(z, y), an equation which determines the 
ratio æ : y for the six points respectively; and the ratio z : æ is then determined 
rationally by the original equation Az+ B=. Instead of regarding © as a given 
function, we may, if we please, take 1, 2, 3, 4 given points on the quartic: we then 
have four equations for the determination of the coefficients (a, 8, y, ô) of the function 
Q; viz. these equations may be taken to be 


(a Bi 3) (a, ys ENE We 


( ” ) (t, Ya) = N (ao, Ya), 
( » ) (a, Ya) = N (as, Ya), 
( » ) (24, Ya) = N (a, Ys) 


Q is hereby completely determined: and this being so, the remaining intersections 
5 and 6 are also completely determined: there are thus between the six points 2 
integral relations, which agrees’ with the number, = 2, of the differential relations obtained 
above. i 

CAILL ; 26 
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155. If we now assume 
du=a,do,+a,do,, du =a,do,+a,do,, du” =4«,dw,+ «do,, 


dy =y,do,+y.do,, dv = ydos + ydos dv’ = y,da,+ yedws, 


or sa 
j ae di F pa Ci se 
u, UÙ ox j hdi EN tat A 
’ » U ob ? ae V(a, y)? 
AAE EEA Th tae a T 
: v, v > v =f; i , l V(a, yy , 
that is, 
-([sf\t@y-y®) y fe i y (w dy — y dæ) 
ý (ip Vay as ) Vie, ye 


where a, 8 are points assumed at pleasure on the quartic: and similarly for w, v: w”, v”: 
then u, v are hereby determined as functions of the points 1, 2: and we may con- 
versely regard the points 1, 2 as determined in terms of the two arguments u, v. 
We might, selecting any two symmetrical functions of the degree zero, for instance, 
ocd i represent them as functions (u, v), y(u, v); and then % and = will 
Yı Yo YY Yi Yo 

be functions of $(u, v), y (u, v). But instead of this selection, it is proper to consider 
the ratios of six functions depending on the points a, b, c, d, e, f respectively: viz. we 
assume 


V (a, — ayı) (a, ~ aya) : v(a — byi) (® — bys):.. V (a, — fi Yi) (@. -f Ya) 
ss A (u, v) i B (u, v) et F(u, v), 


and of course 3, 4 will be in like manner determined by means of the corresponding 
functions of w, v, and 5, 6 by means of the corresponding functions of w”, v”. The 
squared functions A’®, B, C*, D, E?, F? are proportional to given linear functions of 
Lila, VYa+ LA, YrY2, and are thus connected by three independent linear relations. 


156. The differential relations then become 


du+ dw + du” =0, dv+dv'+dv’=0, 
and we have consequently 
wt wt wel, ot vt pad, 


where J, J are constants which are determinable as definite integrals by the con- 
sideration that, when the cubic is taken to be Az+ B=0, the six points 1, 2, 3, 4, 5, 6 
coincide with the points of contact a, b, c, d, e, f I do not at present see my way 
to a proper development of this point of the theory: but in explanation of the nature 
of the result, I assume for the moment that by a proper determination of the inferior 
limits a, 8, or otherwise, we may take Z =0, J=0. We then have u” =—u—w, v”=—v-v’; 
and the integral equations, which determine the points 5, 6 in terms of the points 
1, 2 and the points 3, 4, then in effect determine the functions A, B, &c., of 
—u-—w, —v-—v’, or say those of w+w’, v+v' in terms of the like functions of 
(u, v) and of (w, v): viz. these equations give the addition-theory of the functions 
A (u, v), &e. 
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157. We may, in the first instance, disregarding altogether the consideration of the 
arguments u, v, &c., attend only to the algebraic functions such as y (a, — ay) (ay — ay), &e., 
of the coordinates of the pairs of points 1, 2; 3, 4, and 5, 6; and we can in regard 


to these develope a proper theory. This depends only on the equation Q=V(a, y}; 
it will be convenient to assume herein y=1, and slightly modifying the form, to 
write it 

(a, B, y, 8) (a, 1¥=Va—2.b—a2.c—a.d—a#2.e—a.f—a; 
and accordingly to consider the functions NVa — s. @— s, &c. These are called the 
single-letter functions A, &c., but there are certain double-letter functions AB, W&c., 


which have also to be considered; and I will, in the first instance, show how these 
present themselves in connexion with the cubic curve. 


Origin of the Double-Letter Functions. Art. Nos. 158 and 159. 


158. The cubic curve A4z+B=Q may be taken to be a curve through two of 
the points of contact, say the points a, 6; these will then be two out of the six 
points, and taking the remaining four points to be the pairs 1, 2 and 3, 4, we have 
single-letter functions of 3, 4 presenting themselves as double-letter functions of 1, 2. 
In fact, the equation of the curve is 


Az + B= (x — ay) (x — by) (x — ky); 


for the intersections with the quartic we have ~ (æ -— ay} (æ — by? (e — ky} =Q, or 
throwing out the factor (x — ay) (s — by) and changing the constant à, this is 


(2 — ay) (x — by) (a — ky} — (a — cy) (x — dy) (a — ey) (2 — fy) =0; 
and the quartic function must be a multiple of 
(xy, — 2Y) (ys — LY) (EYs — Vey) (Yı — vay). 
Putting each of the ys equal 1, we have the identity 
(a — x) (b — x) (k — £f — A (c — æ) (d — x) (e — £) (f — x) = p (a, — 8) (£ — &) (&@; — £) (x, — æ) ; 


and hence, introducing a notation which will be convenient, a—-av=a, 0—2 =a, and 
so in other cases, we have by giving different values to æ the equations 


a, b, k,? = Ac, dief, (a—c)(b—c)(kK—c PF =p, C0304, 

ay bk? = Acidi esfas (a—d)(b—d)(k—d)=pd,d,d5d,, 
as by k,? = Acid, sfs, (a—e )(b--e) (k—e P = pe, ez€z6,, 
aibi Ee = Ac, d,e,f,, (a—f)(b—f)(k-—fY¥ = wh fff, 


— A (c — 4) (d — a) (e — a) ( f — a) = pa, azaay, 


—à (c —b) (d — b) (e—b) (f — b) = ubi by byb,. 
26—2 
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We have thus 


(a =c) (b—=0) (6 =I? _ 00st, 
(a — d)(b—d) Ẹ — i) edid ddk 
and 
k? _ab& dief 


k abiada 


which last equation, writing for a moment y, S=Vab.c,dieih, Va bicadzesfz, gives 


k—-a _ y 
er i whence i: (y — 6) = æy — aò, and thence 


c—k a hee Sad 8c, | Vee, {Va,b, Cody efi aa Vay b,c, doe. fa} 
d—k~ yd,- ôd, V/d,d, (Va,b,d,c,¢,f, — Van bid; Cze2f} 


or, substituting in the first equation, we have 


V(a—c)(b—c) Vasb,c,d,e,f, — Vab,c,dyesf, Vee, 


W(a—d)(b—d) | Vabade f —'Vab,d,c.e,f, Vd,d, 


159. Considering the duad DE as an abbreviation for the double triad ABC. DEF, 
the expressed duad being always accompanied by the letter F, we are thus led to 
the consideration of the double-letter functions 


AB, = po — T f,c,d,e, — Va,b.fe,d,e,}, &e., 


1 


in connexion with the already mentioned single-letter functions A, = Vaas, &e., viz. 
in this notation the equation just obtained is 


Ou _ EEU (b-c) DE, 
Da NV (a—d)(b- 4) CE’ 


and it thus appears that, the points 3, 4 being obtained as above from the given 
points 1, 2, then the quotient of two of the single-letter functions of 3, 4 is a 
constant multiple of the quotient of two of the double-letter functions of 1, 2. 
Observe that the points 3, 4 are derived from 1, 2 by means of the two points q, b: 
we have DE standing for ABC .DEF, CE for ABD.CEF, and if the two functions 
were represented by ABC, ABD respectively, then the form would have been 


Cua /(a—c)(b—c) ABC» 


Dy 'V. (a= d)@=—d)° ABD,’ 


which is a clearer expression of the theorem; the apparent want of symmetry of the 
first form arises only from the arbitrary selection of the letter F to accompany the 
expressed duad, and is at once removed by substituting for a duad DE the triad 
ABC.DEF which is thereby signified. The denominator factor #,—#, is introduced in 
order to make the degree in a, or æ, equal to that of the single-letter functions. 
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The Addition Theory. Art. Nos. 160 to 163. 
160. We have the six single-letter symbols A, B, C, D, E, F; viz. Ay»=Va,a, &e.: 
and the ten double-letter symbols AB, AC, AD, AH, BO, BD, BE, CD, CE, DE, viz. 
ABy = — {Vabiheud,e,—Vaxb,fevd,e,}, ke., 
Ly — Xo 


these 16 functions being connected by algebraical - relations which are immediately 
deducible from these expressions of the functions in terms of æ, a. The problem 
is to express the functions of 5, 6 in terms of those of 1, 2 and of those of 3, 4 
The relation between the variables #,, Ls Ls, %, 2, % Consists herein that we have 
Ei, La, Da, Ly, 25, % as the roots of the equation 


(aa? + Ba? + ya + ÒF — A (a — a) (b— a) (c — a) (d — x) (e- x) (f—2)=0; 
or, what is the same thing, it consists in the identity 
(aa? + Bu? + ye + 8} — A (a — 2) (b — a) (c — æ) (d — 2) (e = 2) ( f — a) 
— p (a, — 8) (a — £) (3 — £) (@, — &) (x, — £) (a, — £) = 0. 


Again, it may be expressed by the plexus of equations 


‘ae 1 e iS ) ies DR, l S 
Di, D, ls , Us , vs ; Xs 
BA a AE OE 5) > Os ae 
x, , tè, wè, Di y xs , Le 
| 4X1, V¥Xe, V¥Xs, VE VX5, NAE 


where X,=(a—«,)(b—@)...(f—), &c.; these are equivalent of course to two 
equations, and serve to determine a, # in terms of a, a, Lz, Ly. 


161. The solution is, in fact, as is given in my paper “On the addition of the 
double $-functions,” Crelle, t. LXXXVIII. (1880), pp. 74—81, [703]. Writing successively 
L=2,, Lo, Lz, L, we have 

ax? + Ba? + ya, + Ò=NVAN Ar 

ax, + Bæ? + yt + 8=VrAV/ Xo, j 

ax? + Bæ? + yas + ô = VA Xz, 

azè + Bæ? + yt +ò =V/rV/X,, 
which equations serve to determine the ratios a : 8 : y: 6 in terms of %, a, 8s, %; 
and we have then the two like equations 

Ax + pa? + a5 + ò= VA VX5, 

ase + Ba? + yss +Ò =V/AVXo, 


which determine the symmetric functions of %5, 4%. 


www.rcin.org.pl 


206 A MEMOIR ON THE ABELIAN AND THETA FUNCTIONS. [825 


If, reverting to the identity, we write therein for instance a= a, we find 
aa? + Ba? + ya + 8 =V pw An Ay As, 
which equation when properly reduced gives the proportional value of As. 


162. Calling for a moment the function on the left-hand side 2, we have 


a’, af, &, 1, VraVX, | =0, 
Ge, we, a, 1, VA NEA 
Ge, ae, @, 1, WrAVX, 
ae, me, @; 1, VNWVX, 
T ANE A: Ana Q 
that is, 
OQ ae es ae, 4 Maly A Be, ayy” kk ee fakss 
te, BE eo eee. gl TAA | 
Uy, X,7, a, 1 Ry, May. Mas, ke X; 
of, O we, We, ee: Bag het ee 
| et ah we, 0 
viz. this is 


QO (a — La) (X1 — @ 3) (Lı — L4) (Lz — #3) (La — #4) (La — X4) 
EESE A . E Wy. Wy — Wg. Wy — A. E E Dy — A. — 
tN Ke C—O — Oa E el A E 
4A Ry 6 ig = 0 ty Hy hg ~ Wy i SB, OB —'Uy Dy = Dey 


+X.. a — yA — Xp. A — Wy. Hy — Wy. Vy — By. Ly — 24}, 


or, as this may be written, 
QO . £i — 2z. 2, — Xs, . La — Xs. Be — Vi 


VR = yO — 0% 
Lı — La 


La — By. Ba — Uy. — Wy. N X ri (a, — Bs . 0 — Ta. U— @,. vx.) 


NA. am. A 
Xs — La 


{ay — ay. la — ta. Q — 24. N Xg — (4, — 8, . ta — 2a. A — M N X 0). 


We have here VA. a — æ,. a —a,=VA A%, and the function 


1 


— {aig = ay. ay — Wy. Ig VX, — (0, — ay. U, — 04. My VX), 
Tı — Ta 


which multiplies this, is without difficulty found to be 


— en Jamg — 
URET aad. baw 


S= d. ByBEy. On. Dy}, 
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where the summation extends to the three terms obtained by the cyclical interchange 
of the letters b, c, d: these being a set of three out of the five letters other than a. 


Similarly VA .a— æ .@— a is =V Ao, and the function which multiplies this is 


SA 
reer ES E E E p fc-d . Baas BEC, Du). 


The expression for Q thus contains the factor A,.A,,: but we have 
QO, =a + ba? + ca + d, =V i ArAnA; 


this equation contains therefore the factor A,A,,, and omitting it we find 


-Ha-a nnman a) (0— dd —b.b 0) Ar 
= A,,> {o-—d. Pu BEC. Da FAA {e-d. BBE yCy Du}, 


where, as before, the summations refer each to the three terms obtained by the 
cyclical interchange of the letters b, c, d; these being any three of the five letters 
other than a: and the remaining two letters e, f enter into the formule symmetrically. 
The formula thus gives for A,, ten values which are of course equal to each other. 


By reason of the undetermined factor -É the formula gives only the proportional 


VA 
value of As; viz. combining it with the like formule for B,, &c., we have determinate 
values of the ratios Ay: By:..: Fs. But this being understood, we regard the 
formula as a formula for each single-letter function of æ, sẹ in terms of the single 
and double-letter functions of æ, æ and of æ, æ, respectively. 


163. We require further the expressions for the double-letter functions of %,, £e. 
Consider for example the function DE, which is 


= 1 Ndeka ba- dees) 


Ls — Ue 


then multiplying by AxB Os =Va,b,c,a,b,c,, we have 


DEn ABa Ca = —— {asbis VX, — sbie, VX}, 
5” wc } 
or recollecting that VA yX, and /r/X, are = agè + Bæ? + yas +ò and ax + Ba? + yt + ò 
respectively, this may be written 
VX DE Ag Bun =—— [a — tg. b— sg. 0 — p . (ax? + Ba + yas +8) 
6 


— (a — 2; . b — £s . € — &5) (ane + Bag? + yxs + 8). 
Using the well-known identity 
b — 8s . € — £y. d — Ss 


3 2 = 34 3 alert mir j ’ 
ax? + Ba + yt +ò => aa + Ba? + ya + ò b—a.c—a.d>a 
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where the summation extends to the four terms obtained by the cyclical interchanges 
of the letters a, b, c, d: and the like identity for am + Bæ + yss+ò: there will be 
terms in aa? + Ba?+qat+ 6, ab + Bb + yb+ò, ac + Be+yc+ò, but the term in 
ad? + Bd? + yd +ò will disappear of itself. After some easy reductions, the result is 


VA DE Am BuCaw S OTEO ere D 
a. R b-a.c—a 
where the summation extends to the three terms obtained by the cyclical interchanges 


of the letters a, b, c. We have aa’ + Ba? + ya +8=^Vp . AyAyArg, and similarly for the 
other two terms; the whole equation thus divides by A,,B,C;,, and we find 


Nu 1 Vu 
-k DE x te PGT Rye re (ae Z (0—0. ApAgy Bogle), 
‘ ; ‘ 2 è H yu Np Vu 
in which equation, if we imagine M ‘A gf i Bg: NA Al ot 5 BY each replaced by its value in 


terms of the single and double-letter functions of «, £, and a, #,, we have an equation 
of the form 


Vu 1 
ge 


É (a, — ay. Ly — 4. La — Hs. Ly — 24) DE g = —— ME, 
Lı — Lz . Hy — Uy. Ba — Lg o La — Uy, 


where M is a given rational and integral function of the single and double-letter 
functions of #,, a and æ, æ, The factor on the left-hand side has been made the 
same as in the formula for the single-letter functions A,, &c., and to do this it was 
necessary to bring in on the right-hand side the factor 


1 


Li — Ly. Ly — Uy. Ly — Ly. Lo — Hy? 


this disappears in the expression for the ratio of two double-letter functions; but it 
enters into the expression for the ratio of a single-letter to a double-letter function, 
and it then requires to be itself expressed in terms of the functions of a, æ, and 
£, @: it is easy to see that we have 


> (A? B — A EH, (As C? — As 12 Ors) 
(a=b) (a= 0 


Li — Lz. Wy — Uy. La — Uy. Hg — Ty = 
where the summation extends to the three terms obtained by the cyclical interchanges 
of the letters a, b, c: these being a set of any three out of the six letters. 


We have, in what precedes, obtained the expressions for the ratios of the 16 
functions Ax, ..., Fy, ABy,..., DH in terms of the ratios of the like functions of æ, ®%, 
and As, Oi 
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CHAPTER VII. Tar Functions T, U, V, ®. 


The present chapter is substantially a reproduction of C. and G.’s seventh section, 
“Die Function Tẹ”, borrowing only from the next section the definition of the 
theta-function; but for greater simplicity I consider for the most part, the case, fixed 
curve a quartic, n= 4, p= 3. 


Integral Form of the Affected Theorem. Art. Nos. 164 to 169. 


164. Writing for shortness (a. 9, A)r deo =dII,,, we are concerned with the integrals 
8 012 8 


a 
| dIl which present themselves in connexion with the affected theorem: the notation 
a 


is explained, Chap. V.; a, a’ are points on the curve, f; the variable may be any 
parameter serving for the determination of the current point, and the integral, taken 
from the value which belongs to the point a’ to the value which belongs to the 
point a, is represented as above by means of the two points a, a’ as limits of the 
integral, It is assumed that the integral is a canonical integral having the limits and 


a 1 
the parametric points interchangeable, | a, = i Alyy: see Chapter IV. 
a _ 72 


165. Writing for shortness 


(+ [i+ f+...) a= Nes A id dih. 

ta Jo dle ED, 2 

then if ¢, y are curves each of the order m, the former of them intersecting the 
fixed curve f in the points a, b, c,..., and the latter of. them intersecting the same 
curve in the points a’, b, c,..., and- if di, Wi, do, Ya are what the functions ¢, ẹ 
become on substituting therein in place of the current coordinates the values which 
belong to the parametric points 1, 2 respectively; the theorem becomes 


[Cot yf of) amog 2 


The superior limits may be interchanged in any manner, and so also the inferior 
limits may be interchanged in any manner. If a superior limit coincide with an 
inferior limit, the two may thus be considered as belonging to an integral which 
will then have the value 0, and the coincident points may therefore be omitted from 
the expression on the left-hand side: and so in the case of any number of coincidences. 


166. If the intersections of the curves ¢, w and the parametric points are 
situate on a curve of the order m; then taking the equation of this curve to be 
p+Ay~=0, we have simultaneously $,+AWw,=0, d.+AW.=0; whence dai = Yri, and 
the logarithmic term disappears: viz. the theorem becomes 


[(% b, at dl, = 


J ee ee 
C XH. i 
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167. Suppose that the curves $, Ww are each of them a major curve, that is, a 
curve of the order n—2 passing through the è dps, and consequently besides meeting 
the curve f in n(n—2)—26, =2p+n-—2 points: the theorem is 

a, b, C5 cje0 2 hayr 
r P c’, “a ails Bt: log divs ’ 


where the numbers of the superior and of the inferior points are each = 2p +n — 2. 


168. Suppose further that the curves ¢, W, being major curves as above, pass 
each of them through the n—2 residues of 1, 2; they besides meet in (n — 2) (n — 3) 
points, viz. these are the 6 dps and (n—2)(n—3)—-—6 variable points: these (n—2)(n—3) 
points lie on a minor curve, that is, a curve of the order n—3 passing through the 
dps; and the minor curve together with the parametric line 12 make together a 
major curve, passing through the intersections of ¢, y and also through the parametric 
points 1, 2: viz. these points and the intersections of ¢$, y are situate on a curve of 
the order n—2; the logarithmic term thus vanishes. The intersections of ¢ with the 
fixed curve are the ò dps, the »—2 residues and 2p other points, say these are 
a, b, c,..., Q”, D”, c%,...; similarly the curve Ww meets the fixed curve in the 6 dps, the 
n— 2 residues, and in 2p other points, say these are d, e, f,..., d%, €, f”, ...: the 
theorem is 

1s Dy Qi ing ag CLES Vion 
1@ 6 Fy Ce ae 


where there are 2p superior and inferior points respectively. 


) amje, 


169. I introduce the definitions: a minor curve meets the fixed curve in the 
dps and in 2p—2 other points, called “cominors”: a major curve passing through 
the n—2 residues of the points 1, 2, meets the fixed curve in the è dps, the n — 2 
residues and in 2p other points, called “comajors in regard to the points 1, 2.” 
Observe that p—1 of the cominors determine uniquely the remaining p— 1 cominors; 
and similarly p of the comajors determine uniquely the remaining p comajors. 


The foregoing theorem thus is that the sum | ( ) ath, is =0, when the superior 
points and the inferior points are each of them a system of comajors in regard to 
the parametric points 1, 2. 

Fixed Curve a Quartic. Art. No. 170. 


170. It would be easy to go on with the general form; but as already mentioned, 
I prefer to consider the case, fixed curve a quartic, n=4, p=3. A minor curve is 
here a line meeting the quartic in 4 points, which are “cominors”; the major curve 
is a conic, and if this passes through the residues of 1, 2 it besides meets the 
quartic in 6 points, which are “comajors in regard to the points 1, 2.” Two points 
and their residues are cominors, but this is only by reason that n—3=1. 


The Function T. Art. No. 171. 
171. In conformity with C. and G., I introduce the functional symbol 


dy by Op A Chews eite) 
Ta (o a d = S ew e) ae 
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so that 7’ denotes a function of the parametric points, and of the sets of superior 
and inferior points respectively. The foregoing theorem for the quartic thus is 


Qe. eee) oo 
Ts (9 e, f, d*, x pe) ae 


[i+ “ff i d 


> 
d dx vad ax ax 


Observing that 


and so in other cases, this may be written 


a, b, c\ _ a,b,c d,e,f r 
Ta (a e p) = Telar a o) 7 Tl e) 
and if, as a definition of 7\.(a, b, c), we write 


Ta (a, b, a= T (4 Bs af 


ae, a 
where a*, b*, c% are the comajors of a, b, c in regard to 1, 2, then the equation is 
a, b, ¢ 
d, e, f 


viz. the function of the (2p +2=)8 points 1, 2, a, b, c, d, e, f is here expressed as 
a difference of two functions each of (p+2=)5 points: Ti (a, b, c) is regarded as a 
function of the 5 points 1, 2, a, b, c, because the remaining points a*, b*, c* depend 
only on these 5 points. 


27 ( )- Pala b 6) — Ta(d, e f), 


The Function U. Art. Nos. 172 to 175. 


172. We consider on the quartic the points £ m; 1, 2, 3; and take f, f” for 
the cominors of 2, 3; g, g for the cominors of 3, 1; and h, h’ for the cominors of 
1, 2. We write 

fe = T;,(1, 2, 3), 


T,= Tia (E Sf ft’), T= T(E. 9 9) lam Tou lE, hy bh’); 
it is to be shown that there exists a function U(1, 2, 3; &), such that 
dU = 4 {T + 8,7, + 5,7, + 6,73}, 


viz. considering é, 1, 2, 3 as variable points on the quartic, the whole infinitesimal 
variation of U is the sum of these parts, where 6;7' is the variation of T when only 
£ is varied, T, the variation of T, when only 1 is varied, and similarly for ôT, 
and §,7;. We consider in the proof three other points 4, 5, 6 on the quartic; .and 
taking l, l’ for the cominors of 5, 6; m, m for those of 6, 4; and n, œ for those 
of 4, 5, we write further 


X,=T,, (4,40), Armm mW’), X= Ty (6): 2, n) 
27—2 
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and it then requires to be shown that 


123 

a7 =| (ase) AM g, + $T'zy (4, 5, 6), 
£56 23.156 

EC =X) = | (128) Ae + log 99 
E NE i i u31 . 264 
E —X,)= | ($91) Mn + log p64. 123° 


yy [ (46 p12. 345 
AG X.) = | (G19) o + log p 5.123" 


where u23 is the determinant formed with the coordinates of the points p, 2, 3 
respectively: and so in other cases, 


173. We have 
1; 2, ' 
Tin(4 3 o) tTull 2, 3)—4} Tu (4 5, 6), 
that is, 
=4T — f Iin (4, 5, 6), 
and thence the above value of 4T. 


The affected theorem gives 


EER Sanwa 
. H 
where F=0 is the equation of the line through f, f’, 2, 3; and F,, F, are what the 
function F becomes, on substituting therein for the current coordinates the coordinates 
of the points 1, w respectively. And similarly L=0 is the equation of the line 
through l, V, 5, 6; and Z, L, are what the function LZ becomes by the same sub- 
stitutions respectively. The values of F,, F, are 123, 423: those of L, L, are 156, 
u56; and the logarithmic term is thus 

23.156 

p56 . 123 ` 

We then have 


1(2,-X,)= (G44) at. -fG : ' ajdi + | ( Acie 2, * §) dh 


and in this last expression for 4(7,;—X,) substituting for a second term the 
logarithmic value just obtained, we have the required expression for 4(7',—X,): and 
those for 4(T,— Xə and 4(T;— X,) are deduced by mere cyclical permutations of the 
letters. < 


174. Returning to the assumed relation èU = 4 {òT + 6,7, +8,7,+6;7;}; in order 
to the existence of the function U, it is only necessary to show that T— T, con- 
tains no term in 1, £, that is, no term depending on both these points, and that 
T,— T, contains no term in 1, 2: for then, by symmetry, the like properties hold in 
regard to T-T, T-T, T,—T;, T,— T, respectively, and the assumed expression is a 
complete differential, from which the function U may be obtained by integration. 
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175. To show that T — T, contains no term in 1, &. 


1 
For T, the only term in 1, & is [ ail:,., 
4 


é 
» His » ” | ail,,, 
4 


and it is to be shown that the difference of the two integrals contains no term in 
1, & Considering on the quartic the two new points ò, e, the first integral is 


o 1 è 1 
| ( 4) (Ug. + dla), = | ai, + | a+ | Uy, 
, ô 4 4 


Oo 


and the second is 
£ € E 
[E sae tay = fanas aaa 
> e } 4 s 


Hence in the difference the only terms which can contain 1, & are 


1 é 
Í dilg -Í dIl,s 
ô € 


and this is =0: wherefore there is not in the difference any term in 1, £. 
This proves the property for T— T,. The property for T,— T, is proved in a similar 
manner. 


Theorems in regard to the Function U. Art. Nos. 176 to 179. 
176. Theorem (A). To prove 


AM 8; Y= Ud, 3 8; e)=F7n(1, 2 9) 7 (A) 
we have 


é ofi 
UG, 2, 3; -U0 2, 8; p= f au=af der 
H 


=47;,(1, 2, 3)-$7,,(1, 2, 3), 


and 7,,(1,:2, 3)= | K $ A dil,,, where dII,,=0, viz. considering this as derived 


from dIIz,, = Qiu dw, by making the point & coincide with u, then when £ is indefinitely 
near to mw, the numerator and denominator of Qs, are each of them infinitesimal of 
the orders 3 and 2 respectively, and thus the function Q;, ultimately vanishes (see as 
to this, Chap. V. Art. Nos. 99 to 106). We have therefore 7',,(1, 2, 3)=0, and the 
required theorem is proved. 


177. Theorem (B). To prove 
U (1, 2, 7: &)-— U(A, 2, 35 E= (& AS), (B) 


where, as before, f, f’ are the cominors of 2, 3, that is, 2, 3, f, f’ lie on a line, we 
have 


U( 2,3; -U(4, 2 3; j=/ auv=4[ a7, 
| LINER ARESTA 
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the point mw is arbitrary, and it may be taken to coincide with 4; but we then have 
Ta(é, f, f’)=90, and the theorem is thus proved. 
178. Theorem (C). We have 
Tnx (E, T f+ Tax (1, k, k’)=0; (C) 

where £, n, 1, 2, 3 are arbitrary points on the quartic; 1%, 2%, 3% are the comajors 
of 1, 2,3 in regard to & n, viz. the points 1, 2, 3, 1%, 2*, 3% lie on a conic which 
passes through &, 7 the residues (or cominors) of é, »: f, f’ are the cominors of 
2, 3; and k, k’ are the cominors of 2*, 3%. 


Taking 0, @ for the cominors of 1, 1%, the four lines nén’, 11*00’, 23f/' and 
2*3*kk’ form a quartic cutting the fixed quartic in the 16 points: but of these, 
E, n, 1, 2, 3, 1% 2%, 3* lie in a conic: hence the remaining 8 points 6, 0, & n, 
SS’, k, k lie in a conic; that is, £, n, f, f’, k, k lie on a conic through 9, 0’, the 
residues of 1, 1%, or they are comajors in regard to 1, 1*; whence the theorem. 


179. We have 
From A. From B. 


Mux EA SSUES SS D-VES SF VY, =00, 2,3; H-UA* 2, 3; $), 
4 Tux (n, k, K)= U (n, k, k; 1)-U(n, k, k; 1%), =U, 2%, 8%; n)- U1, 2, 3; 7); 
viz. we have thus two expressions for each term of the equation (C), 
Tax (& f F) + Tax (9, k, k')=0. 
In particular, we have Theorem (D) 
U (1, 2, 3; )- U (1%, 2, 8; &)=— U (1, 2%, 8%; n) + UA”, 2%, 3%; 9), (D) 


Again, we have Ta (1, 2, 3) +T (1%, 2, 39=0; where 1, 2, 3, 1%, 2%, 3” are 
comajors in regard to & ņ: and 


Tn (1 a a 3)=U(1, PARC AN £- U0, PA 8 
Taa, 2%, 3) = U (1%, 2% 3%, H-— U% 2%, 3% 9); 


whence Theorem (E), 


U(1, 2,8; &—U(l, 2, 3; n)=—U(1% E HEO & 8% 9). (©) 


The Function V. Art. Nos. 180 to 182. 


180. It is convenient to consider U as a logarithm, say 

=U (1, 2, 3; &)=log V(1, 2, 3; &, or Kali 2, 3; &)=exp.—U(1, 2, 3; $); 
V, like JU, is a function of the (p+1=)4 points 1, 2, 3, & on the quartic. 

The equation (D) thus becomes 


Vd,2,3; &§_V(Q* 2, 8; &) 
VI Rope V0 Ae ape: 
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where 1, 2, 3, 1%, 2%, 3% are comajors in regard to & 7»: the equation shows that, in 
V(i, 2, 8; £) 
Vy 2% 8% 2)’ 
pair of points 1, 1* out of the system of comajor points; and it of course follows 
that we can in any manner whatever interchange these points, so as to have any 
three of them in the numerator-function and the remaining three in the denominator- 
function. In particular, we have 


Pl eee ak Ss as 6) 
rie, we, ay ae a 
The equation (E) becomes 
VG 2, Be BV XL, a: g) 
ie 8s Ws By 2 S05 EY’ 


we can without alteration of the value interchange a 


the function 


and multiplying we find 

ve(1, 2,8; E)=V*(1%, 2%, 3"; n), 
that is, V(1, 2, 3; &)=+V (1%, 2%, 3%; n), the ‘sign being determinately + or determ- 
inately —, according to the precise definition of the function V. 


181. Considering 7 and also 1%, 2%, 3% as fixed points on the curve; but & as 
a variable point (that is, the parametric line & as rotating about the fixed point 7), 
the points 1, 2, 3 are then determined as the remaining intersections with the quartic of 
the conic which passes through the points 1%, 2%, 3% and through the points £’, 7’, which 
are the residues of €, n. And by the theorem just obtained it appears that, & 1, 2, 3 
thus varying, the function V (1, 2, 3; &) remains constant. This comes to saying that 
V, considered as a function of the points 1, 2, 3, & satisfies a certain linear partial 
differential equation of the first order, having a solution . V = F (u, v, w), an arbitrary 
function of u, v, w, determinate functions of the points 1, 2, 3, & And if we can 
find u, v, w functions of these points such that they each of them remain constant 
when the points 1, 2, 3, & vary as above, then the arbitrary function of u, v, w will 
remain constant for the variation in question and will thus be a value of the function V. 


182. It is easily seen that such functions are 


2 fs 3- f8 
U, V, w=({ +f +Í -| ) ade, y dw, z dw, 


the inferior limits being given points which are regarded as absolute constants. For 


by the pure theorem, we have 
È (a, y, z} do = 0, 


where (a, y, z} is an arbitrary linear function, and where the summation extends to 
all the intersections of the quartic with any given curve. Writing 


1 1 1 
p=| edo, [yd or fedo, that is, p=f x dw, fyd or [ zda, 


the inferior limits being any absolutely fixed point on the curve, and similarly 
Pa &c.; the integral form of the theorem is {p= constant. And applying the theorem 
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successively to the parametric line, and to the conic which determines the points 
1, 2, 3, we have 

Pt +P + py + Py = const., 

Pe + Py + Pit Po + Ps + pix + pox + psx = const. 


Taking the difference of these equations, we have 

Pi + Po + ps — ps + pix + pax + psx — Py = const., 
viz. the points n, 1%, 2%, 3% being fixed points, this is 

Pit P2 + ps — pe = const., 


that is, the functions u, v, w defined as above are each of them constant under the 
variation in question. 


The Function ®. Art. Nos. 183 and 184. 


183. The function V(1, 2, 3; &) of the (p+1=) 4 points 1, 2, 3, & is thus a 
function of the (p=) 3 arguments | 


1 2 3 ¿ 
U, Vv, W, =(f +Í +] -| ) eda, y dw, z dw. 


Disregarding a constant and exponential factor, we say that it is a theta-function of 
these arguments, and we write the result provisionally in the form 


V(i1, 2, 3; &)=O(u, », w), 


the more precise definition of the theta-function being reserved for further con- 
sideration. 


184, It appears by what precedes that a sum of (p=)3 integrals | ie Glia; 


otherwise called Zi f Ye is in the first place expressed (see No. 171) as a difference, 
=47;,(a, b, c)—4T7.(d, e, f), of two functions T. Each of these is by Theorem (A) 
(No. 176) expressed as a difference of two functions U, that is, as the difference of 
the logarithms, or logarithm of the quotient, of two functions V: such function V is 
according to its original definition a function of (p+1=) 4 points, but in such wise 
that the function is expressible as a function of (p=) 3 arguments, and so expressed 
it is a @-function of these arguments: and the final result thus is that the sum of 
(p=) 3 integrals | 6 i p dIl, is equal to the logarithm of a fraction, whereof the 


numerator and the denominator are each of them a product of two ©-functions, 
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